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1 !"#$%&'()*+,)-.)-./01)23456%78 
91: %&'(;<=%&'((Ω, Pr)>(1)?@A'BCD1ΩE(2)FGHIJ/%&K5LC9pmf:

Pr: Ω → R0M8NO∀𝜔 ∈ Ω, Pr[𝜔] ≥ 0P∑ Pr[𝜔] = 1!∈# 8Q?@𝜔 ∈ ΩRS*+,8 
TUBFGVW%&'(8XYZ[\]^_`/abFGH<=%&'(J8 

92: -./FGcIdK; 
-.eA'BCD1Ω/?@fD9ghijkeBC/:̂ -.𝐴lm/%&FGS; 

Pr[𝐴] ≔ 6 Pr[𝜔]
!∈$

 

-./01nopqrstuvwxy^X𝐴⋀𝐵)𝐴⋁𝐵)¬𝐴68 
9z{:X|𝐴⋀𝐵 = ∅^}~��R-.𝐴E𝐵e�z{/9disjoint as sets:� 
9��:-.𝐴E𝐵e��/9independent:�P��Pr[𝐴⋀𝐵] = Pr[𝐴] ⋅ Pr[𝐵]� 
9z���:-./D1{𝐴%|𝑖 ∈ 𝐼}z���9fully/mutually independent:�P�� 

Pr BC𝐴%

&

%'(

D =EPr[𝐴%]
&

%'(

 

9M𝑘���:-./D1{𝐴%|𝑖 ∈ 𝐼}e𝑘-wise independent X|{𝐴%|𝑖 ∈ 𝐼}/Q?@>𝑘@-.0
M/fD�ez���/��𝑘 = 2� �̂�R{𝐴%|𝑖 ∈ 𝐼}eM���/9pairwise independent:8
�����/𝑘��{𝐴%|𝑖 ∈ 𝐼}e𝑘-wise independent^�{𝐴%|𝑖 ∈ 𝐼}ez���/8 
9�.%&:�����@-.𝐴E𝐵PPr[𝐵] > 0^�H𝐵lm/�._𝐴lm/%&S 

Pr[𝐴|𝐵] =
Pr	[𝐴⋀𝐵]
Pr	[𝐵]

 

 
01-./?��6�; 
w Union bound;����-.𝐴(, 𝐴), … , 𝐴&� 

Pr BC𝐴%

&

%'(

D ≤EPr[𝐴%]
&

%'(

 

w Disjoint union;X|𝐴(, 𝐴), … , 𝐴&eM��zb/^�∀𝑖 ≠ 𝑗, 𝐴% ∩ 𝐴* = ∅^� 

Pr BO𝐴%

&

%'(

D =6Pr[𝐴%]
&

%'(

 

w The principle of inclusion-exclusion;������-.D1{𝐴(, 𝐴), … , 𝐴&}^� 
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Pr BO𝐴%

&

%'(

D = 1 − 6 (−1)|,| Pr BC𝐴%
%∈,

D
,⊆{(,…,&}

 

𝑛 = 2/��� 
Pr[𝐴⋁𝐵] = Pr[𝐴] + Pr[𝐵] − Pr[𝐴⋀𝐵] 

w Independent union;X|{𝐴(, 𝐴), … , 𝐴&}ez���/^� 

Pr BO𝐴%

&

%'(

D = 1 −E(1 − Pr[𝐴%])
&

%'(

 

𝑛 = 2/��� 
Pr[𝐴⋁𝐵] = 1 − (1 − Pr[𝐴])(1 − Pr[𝐵]) 

w Bayes’ Theorem;����-.𝐴E𝐵^X|Pr[𝐴] ≠ 0, Pr[𝐵] ≠ 0^����.%&/FGB
� 

Pr[𝐴|𝐵] Pr[𝐵] = Pr	[𝐴⋀𝐵] = Pr[𝐵|𝐴] Pr[𝐴] 
w Law of total probability;�{𝐵&: 𝑛 = 1, 2, … }e%&'(Ω/���BCY�/$ ^PQ@
D1BC^����-.𝐴�; 

Pr[𝐴] =6Pr	[𝐴⋀𝐵&]
&

=6Pr[𝐴|𝐵&] Pr[𝐵&]
&

 

93: 92345:2345𝑋e?@¡Ω¢£@C¤D1𝑉/?@¥¦9𝑋(𝜔 ∈ Ω) = 𝑥 ∈ 𝑉:82345
§�23^k�e?@45^¨e?@LC8©jPr[𝑋 = 𝑥] = Pr[𝐴 ≔ {𝜔 ∈ 𝛺|𝑋(𝜔) = 𝑥}]8FG
H2345J/��%7ª«�¬­¢-.®?¯°%7J±U²8 
 
2345𝑋/9³´:$µLC CDFX_; 

CDF2(𝑋 ≤ 𝑥) = Pr[𝑋 ≤ 𝑥] = Pr[𝐴 ≔ {𝜔 ∈ 𝛺|𝑋(𝜔) ≤ 𝑥}] 
94: 9¶·:FGH2345J/¶·; 

𝐸[𝑋] =6𝑥 ⋅ Pr[𝑋 = 𝑥]
3

9<=: 

𝐸[𝑋] = [ 𝑥𝑓2(𝑥)𝑑𝑥
4

54
						9VW: 

I¸𝑓2e2345𝑋/%&¹ºLC8 
 
�𝑋S��»C2345^� 

𝐸[𝑋] =6(Pr[𝑋 ≥ 𝑥] − Pr[𝑋 ≤ −𝑥])
36(

 

9n¼6½¾¿Pr[𝑋 = 𝑥] = Pr[𝑋 ≥ 𝑥] − Pr	[𝑋 ≥ 𝑥 + 1]ÀÁ: 
 
9�.¶·:-.𝐴lm/ÂÃ_2345𝑋/�.¶·; 

𝐸[𝑋|𝐴] ≔6𝑥 ⋅ Pr[𝑋 = 𝑥|𝐴] =6
𝑥 ⋅ Pr[𝑋 = 𝑥⋀𝐴]

Pr[𝐴]
=6

𝑥 ⋅ Pr[{𝜔 ∈ 𝐴|𝑋(𝜔) = 𝑥}]
Pr[𝐴]

333

 

 
9<=-Ä¶·ÅÆ:����-.𝐴92345𝐴:̂ _Ç�@�fM�; 

𝐸[𝑋] = 𝐸[𝑋|𝐴] ⋅ Pr[𝐴] + 𝐸[𝑋|¬𝐴] Pr[¬𝐴] 



 3 

𝐸[𝑋] =6𝐸[𝑋|𝐴 = 𝑎] ⋅ Pr[𝐴 = 𝑎]
7

 

 
9VW-Ä¶·ÅÆ:�ÈÉ]Ê1%&¹ºzË/FG^ÌÍyÄ¶·ÅÆÎ�8 
u �ÏÐ2345(𝑋, 𝑌)/$µLCSCDF(𝑥, 𝑦)^IÊ1%&¹ºLCS𝑓(𝑥, 𝑦)^©j��F
G� 

CDF(𝑥, 𝑦) = Pr[𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦] = [ [ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣
8

54

3

54
 

CDF(∞,∞) = 1 
u ÑÒ$µLC; 

CDF2(𝑥) = Pr[𝑋 ≤ 𝑥] = [ [ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣
4

54

3

54
= CDF(𝑥,∞) 

CDF9(𝑦) = Pr[𝑌 ≤ 𝑦] = [ [ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣
8

54

4

54
= CDF(∞, 𝑦) 

 
u ÑÒ¹ºLC; 

𝑓2(𝑥) = lim
:3→<

CDF2(𝑥 + Δ𝑥) − CDF2(𝑥)
Δ𝑥

= lim
:3→<

∫ ∫ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣4
54

3=:3
3

Δ𝑥
= [ 𝑓(𝑥, 𝑣)𝑑𝑣

4

54
 

𝑓9(𝑦) = [ 𝑓(𝑢, 𝑦)𝑑𝑢
4

54
 

u �.¹ºLC;H𝑌 = 𝑦/�._^𝑋/�.¹ºLCÓS𝑓2|9(𝑥|𝑦)^� 

𝑓2|9(𝑥|𝑦) = lim
:3→<

Pr[𝑥 ≤ 𝑋 ≤ 𝑥 + 𝛥𝑥|𝑌 = 𝑦]
Δ𝑥

= lim
:3→<

lim
:8→<

Pr[𝑥 ≤ 𝑋 ≤ 𝑥 + 𝛥𝑥,≤ 𝑌 ≤ 𝑦 + Δ𝑦]
Δ𝑥Pr[𝑦 ≤ 𝑌 ≤ 𝑦 + Δ𝑦]

= lim
:3→<

lim
:8→<

∫ ∫ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣8=:8
8

3=:3
3

Δ𝑥 ∫ ∫ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣8=:8
8

4
54

= lim
:8→<

∫ 𝑓(𝑥, 𝑣)𝑑𝑣8=:8
8

∫ ∫ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣8=:8
8

4
54

= lim
:8→<

∫ 𝑓(𝑥, 𝑣)𝑑𝑣8=:8
8

Δ𝑦

∫ ∫ 𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣8=:8
8

4
54

Δ𝑦

=
𝑓(𝑥, 𝑦)

∫ 𝑓(𝑢, 𝑦)𝑑𝑢4
4

=
𝑓(𝑥, 𝑦)
𝑓9(𝑦)

 

 
gh^���@VW/2345𝑋E𝑌^Ô�/Ê1%&¹ºS 

𝑓(𝑥, 𝑦) = 𝑓2|9(𝑥|𝑦)𝑓9(𝑦) = 𝑓9|2(𝑦|𝑥)𝑓2(𝑥) 
gh�.¶·𝐸[𝑋|𝑌 = 𝑦]S 

𝐸2[𝑋|𝑌 = 𝑦] = [ 𝑥𝑓2|9(𝑥|𝑦)𝑑𝑥
4

54
= [ 𝑥

𝑓(𝑥, 𝑦)
𝑓2(𝑥)

𝑑𝑥
4

54
 

P� 
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𝐸9j𝐸2[𝑋|𝑌]k = [ 𝐸2[𝑋|𝑦]𝑓9(𝑦)𝑑𝑦
4

54
= [ [ 𝑥𝑓2|9(𝑥|𝑦)𝑑𝑥

4

54
𝑓9(𝑦)𝑑𝑦

4

54

= [ 𝑥[ 𝑓2|9(𝑥|𝑦)
4

54
𝑓9(𝑦)𝑑𝑦𝑑𝑥

4

54
= [ 𝑥 l[ 𝑓(𝑥, 𝑦)

4

54
𝑑𝑦m𝑑𝑥

4

54
= [ 𝑥[𝑓2(𝑥)]𝑑𝑥

4

54
= 𝐸2[𝑋] 

ÕÖBÖ�¢Ä¶·ÅÆ�; 
𝐸9j𝐸2[𝑋|𝑌]k = 𝐸2[𝑋] 

 
95: 2345/��d9>-./��d×Ø¨w:; 

9FG:X|����/𝑥E𝑦^-.{𝜔 ∈ Ω|𝑋(𝜔) = 𝑥}E-.{𝜔 ∈ Ω|𝑌(𝜔) = 𝑦}e��/^� 

Pr[𝑋 = 𝑥⋀𝑌 = 𝑦] = Pr[𝑋 = 𝑥] ⋅ Pr[𝑌 = 𝑦]�Pr[𝑋 = 𝑥|𝑌 = 𝑦] = Pr[𝑋 = 𝑥] 

���/𝑥E𝑦�M�^�2345𝑋E𝑌e��/8®�ÙÚ^ÛÜI¸?@2345/Ý¤�
Þ�ÛÜß?@2345/$µ��àáâ8?02345𝑋(, 𝑋), … , 𝑋&z����P����
��/𝑥(, 𝑥), … , 𝑥&� 

Pr BC(𝑋% = 𝑥%)
&

%'(

D =EPr	[𝑋% = 𝑥%]
&

%'(

 

 
9�¶·/ãä:X|FGHåCæ/2345𝑋E𝑌e��/^� 

𝐸[𝑋 ⋅ 𝑌] =66𝑥𝑦Pr[𝑋 = 𝑥, 𝑌 = 𝑦] =6𝑥Pr[𝑋 = 𝑥] ⋅6𝑦Pr[𝑌 = 𝑦]
83

=
83

𝐸[𝑋] ⋅ 𝐸[𝑌] 

P����ÉFLC𝑓^��𝑓(𝑋)E𝑓(𝑌)��8çè�?FM�8TU^X|FGHåCæ/?
02345𝑋(, 𝑋), … , 𝑋&z���^� 

𝐸 BE𝑋%

&

%'(

D =E𝐸[𝑋%]
&

%'(

 

P����ÉFLC𝑓^��{𝑓(𝑋(), 𝑓(𝑋)), … , 𝑓(𝑋&)}z���8çè�?FM�8 
 
�é𝑋(, 𝑋), . . , 𝑋&eê��^ª� 

𝐸 B6(𝛼% ⋅ 𝑋%)
&

%'(

D = 6 6𝛼%𝑥% Pr[𝑋% = 𝑥%]
&

%'(

=
3!,…,3"

6(𝛼% ⋅ 𝐸[𝑋%])
&

%'(

 

2 ?ëoì/íîe;ïÛ2345𝑋/ pdfP𝑌 = 𝑓(𝑋)^O²2345𝑌/ pdf8ðp pdfE CDFè(
/ñ¿ËòÖc𝑌 = 𝑓(𝑋)®@6½¾¿�BO²8 

3 óNÓô?�op/%&$µ/2345/FG)pmf/pdfÖc¶·/õt8ö÷�ø$µ)ùúð$
µ)Ïû$µ)üà$µ)ýþ$µ)\C$µ8 

4 ÿ!ýþ$µE\C$µ/ pdf; 
91: ýþ$µ;"?@�(#$$M6%&/�(' Q̂@�('a-.(�“lm”E“�lm”�ë

Â)9ùúð$µ:̂ ýþ$µ/2345*e+Ïû$µH�('@C,�Y��-.lm/

@C� 

"+2345ÓS𝑋^-.lm/%&S𝑝^�𝑃(𝑋 = 𝑘) = lim
&→4

r𝑛𝑘s 𝑝
>(1 − 𝑝)(5>8gSÏû$µ
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/¶·¤𝐸[𝑋] = 𝑛𝑝^�-ÓS𝜇^�𝑝 = ?
&
^.¬J�B�𝑃(𝑋 = 𝑘) = lim

&→4
?#

>!
𝑒5?8 

92: \C$µ;�£-.HÉF�(#alm//C0¡ýþ$µ }̂~\C$µ/2345*e+

-.12�/lm/�((38 

×4�(5C𝑡;6𝜇 = 𝜆𝑡^�𝑡 = 1�78?@9:�(#a-.lm//C^𝑡 = (
)
�e;@9

:�(#a-.lm//C8h�𝑃(𝑋 = 𝑘, 𝑡) = (BC)#

>!
𝑒5BC86𝑌 =�@-.lm/�((3^�

𝑌 > 𝑡/%&6½�𝑡�(a-.lm 0//%&8ÕÖ 
𝑃9(𝑌 ≤ 𝑡) = 1 − 𝑃9(𝑌 > 𝑡) = 1 − 𝑃(𝑋 = 0, 𝑡) = 1 − 𝑒5BC 

gS𝑡eFGHA<CJ/^ÕÖ𝑡 < 0�𝑃9(𝑌 ≤ 𝑡) = 08=�h CDFBÖ>] pdf8 
5 \C$µ9VW:Eüà$µ9<=:?�YÓ@d8� 

𝑃(𝑋 > 𝑠 + 𝑡|𝑋 > 𝑠) = 𝑃(𝑋 > 𝑡) 
+Î�A�\C$µ/ pdfE�.%&BÖBC�¢8 
 
®�ÙÚ^-.lm/%&D�ÞE2Ú6F/�(4G¨HI^-.J𝑛 + 1/lmKJ1/lm%&
?*^�ÞgSïLlmM𝑛/¨N48®?OéKPQ/+R“STUU”!Vzç8WZX=� PoW
/YZ3[!eðpM®ëYÓ@d8H���\I4� nonce/]^^��ÞN4]¸/%&8®*
É_M`a�bKtcMWd/efg8 

6 hpijkFUO²íî/Ël;!"mZ[íî¸/�.%&8 
7 nÞhp%&é²oåpíî; 
91: �«��qX9BRrst^�-t�!Çu_/%&S𝑝:̂ n¼X_vwªRxmÎy/zq

X{|; 
VonNeumannCoin(): 
𝑥 ← BiasedCoin() 
𝑦 ← BiasedCoin() 
if 𝑥 ≠ 𝑦 

return 𝑥 
else 

return VonNeumannCoin() 

Proof;�|3 �̂ij�𝑥 ≠ 𝑦 Õ̂ÖPr[𝑥 = 0 ∧ 𝑦 = 1|𝑥 ≠ 𝑦] = Pr[𝑥 = 1 ∧ 𝑦 = 0|𝑥 ≠ 𝑦] = EF
)EF

=

(
)
862345𝑇S BiasedCoin()r}p//C^� 

𝐸[𝑇] = 𝐸[𝑇|𝑥 ≠ 𝑦] ⋅ Pr[𝑥 ≠ 𝑦] + [𝑇|𝑥 = 𝑦] ⋅ Pr[𝑥 = 𝑦] 
I¸Pr[𝑥 ≠ 𝑦] = 2𝑝𝑞^𝐸[𝑇|𝑥 ≠ 𝑦] = 29gSO~M:̂ Pr[𝑥 = 𝑦] = 1 − 2𝑝𝑞^𝐸[𝑇|𝑥 = 𝑦] = 2 +

𝐸[𝑇]9�­}p:̂ ÕÖBO�𝐸[𝑇] = (
EF
8 

92: t��𝑛ë�T/� Q̂/�?ö��ÇBÖ�]?ë�8t��M𝑛ö��Ç B̂Ö�]���

�T/��SM�D¢Ä�ëQ/�^��N�üö��Ç� 
�«J𝑖ë� F̂G2345𝑋% ∈ {0, 1}78��eê��Ô8FG2345𝑋78����/)�
TëQ/�/@C^©j�𝑋 = ∑ 𝑋%&

%'( ^ÕÖ�𝐸[𝑋] = ∑ 𝐸[𝑋%] =&
%'( ∑ Pr[𝑋% = 1]&

%'( 8H𝑛/��



 6 

¸^�����¢J𝑖ë�/%&Sr1 − (
&
s
&
≈ (

G
9gSQ/���]£ë�/%&0¡ iid:̂ Õ

Ö𝐸[𝑋] = &
G
≈ 0.632𝑛8 

�𝑇(𝑛)S�DM𝑛ë�Õ��/��Ç/öC8"���S�$S𝑛@�#^J𝑖@�#H�¢J𝑖
ë�è2|�8p𝑇%(𝑛)78J𝑖@�#��/��Ç/öC8�𝑇(𝑛) = ∑ 𝑇%(𝑛)&

%'( 8HJ𝑖@�#^

�¢?���/%&S
&5(%5()

&
ĥ�𝑇%(𝑛)åpJe?@üà$µ/2345 �̂�üà$µ/¶

·BÛ𝐸[𝑇%(𝑛)] =
&

&5%=(
^ÕÖ 

𝐸[𝑇(𝑛)] =6
𝑛
𝑗

&

*'(

= 𝑛(1 +
1
2
+
1
3
+⋯+

1
𝑛
) 

2Ç®@üà�C��ln(𝑛 + 1) ≤ ∑ (
*

&
*'( ≤ ln(𝑛) + 19�âQ#LC(

*
/J_�LC/´$wõ

t^?���5ìÏ-6:̂ ÕÖ��N�Θ�𝑛log(𝑛)�ö8 
8 ��ÉF/2345^E¶·¤z�ÉF�</Ý¤lm/%&e��� 

2Ú�2345/��d/NO�w��^C_wÉ]/ õ¡�¢"8 
 

91: £¤¥¦�6�9Markov’s Inequality:; 
6𝑋eA<)»C2345^� 

∀𝑎 ∈ R=:	𝑃(𝑋 ≥ 𝑎) ≤
𝐸(𝑋)
𝑎

 

Proof 1; 

 
��J§©j�𝑧 ⋅ Pr[𝑍 ≥ 𝑧] ≤ 𝐸[𝑍]8 
 
Proof 2; 

gS𝑍/��Ý¤𝑧 ≥ 0P𝑎 > 0 Õ̂Ö𝑧 ≠ 0��H
7
≥ 18ÕÖPr[𝑍 ≥ 𝑎] = ∫ 𝑓(𝑧)𝑑𝑧 ≤ ∫ H

7
𝑓(𝑧)𝑑𝑧4

7
4
7 8

ÕÖ
I[K]
7
= 𝐸 �K

7
� = ∫ H

7
𝑓(𝑧)𝑑𝑧4

< = ∫ H
7
𝑓(𝑧)𝑑𝑧7

< + ∫ H
7
𝑓(𝑧)𝑑𝑧4

7 ≥ ∫ H
7
𝑓(𝑧)𝑑𝑧4

7 = Pr[𝑍 ≥ 𝑎]8Q.e.d8 

 
9ÿé:=�£¤¥¦�6� B̂Ö�¢E¶·z�?F�</2345/Ý¤lm/%&/J

�; 
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Prj𝑋 ≥ (1 + 𝛿)𝐸[𝑋]k ≤
1

1 + 𝛿
 

92: $W¨¦�6�9Chebyshev’s Inequality:; 
9)� 1:��?0\8923:45𝑋(, 𝑋), … , 𝑋& ∈ {0,1}^6𝑝% = 𝐸[𝑋%] = Pr[𝑋% = 1]8FG𝑋 =
∑ 𝑋%% ^P6𝜇 = 𝐸[𝑋] = ∑ 𝑝%% 8X|𝑋(, 𝑋), … , 𝑋&M���^� 

Pr[(𝑋 − 𝜇)) ≥ 𝑧] <
𝜇
𝑧

 

Proof; 
∀𝑖FG𝑌% = 𝑋% − 𝑝% F̂G𝑌 = ∑ 𝑌%% = 𝑋 − 𝜇	8�𝐸[𝑌)] = 𝐸j∑ 𝑌% ⋅ 𝑌*%,* k = ∑ 𝐸j𝑌%)k% + ∑ 𝐸j𝑌% ⋅ 𝑌*k%M* =
∑ 𝐸j𝑌%)k% +∑ 𝐸[𝑌%] ⋅ 𝐸j𝑌*k%M* = ∑ 𝐸j𝑌%)k% + 09gS pairwise independent:8�∑ 𝐸j𝑌%)k% ÅÆB�

∑ 𝐸j𝑌%)k% = ∑ (1 − 𝑝%)) ⋅ 𝑝% + (−𝑝%)) ⋅ (1 − 𝑝%)% = ∑ 𝑝%(1 − 𝑝%)% < ∑ 𝑝%% = 𝜇^ÕÖ𝐸[𝑌)] < 𝜇8¾4

£¤¥¦�6��B�Pr[𝑌) ≥ 𝑧] < IN9$O
H

< ?
H
8Q.e.d8 

 
9ÿé:∀Δ, 𝛿 ∈ R=^� 

Pr[𝑋 ≥ 𝜇 + Δ] <
𝜇
Δ)
								Pr[𝑋 ≥ (1 + 𝛿)𝜇] <

1
𝛿)𝜇

 

Pr[𝑋 ≤ 𝜇 − Δ] <
𝜇
Δ)
								Pr[𝑋 ≤ (1 − 𝛿)𝜇] <

1
𝛿)𝜇

 

96𝑧 = Δ))6Δ = 𝛿𝜇: 
 
9ÿé:"2345𝑋(, 𝑋), … , 𝑋&²©S𝑛/ª«��¬­ �̂Pr[𝑋% = 1] = 𝑝 ĥ�𝜇 = 𝑛𝑝86𝑋& =
(
&
∑ 𝑋%&
%'( S1𝑛/ª«��¬­/*+�¤^�BÖ�¢®%CFU; 

lim
&→4

Prj�𝑋& − 𝑝� ≥ 𝜖k = 0 

 

9)� 2:��2345𝑋^FG𝑢 = 𝐸[𝑋], 𝜎 = �𝑉𝑎𝑟(𝑋)^� 

Pr[|𝑋 − 𝜇| ≥ 𝑘𝜎] ≤
1
𝑘)
, 𝑘 > 0 

Proof; 

FG𝑌 = |𝑋 − 𝜇| > 0^�>£¤¥¦�6�B�Pr[|𝑋 − 𝜇| ≥ 𝑎] < I[|25?|]
7
8�ÑT�yv?_� 

Pr[|𝑋 − 𝜇| ≥ 𝑎] ⋅ Pr[|𝑋 − 𝜇| ≥ 𝑎] <
𝐸[|𝑋 − 𝜇|] ⋅ 𝐸[|𝑋 − 𝜇|]

𝑎)
 

𝑋 − 𝜇/+Ke*+/^5¯�^Q/^5�0¡��T$µ9Iåe!°$µ^?-18É]M²
±:̂ ��ÉF/𝑓(⋅) = |⋅|²j�|𝑋 − 𝜇|0¡��T$µ8ÕÖ𝐸[|𝑋 − 𝜇|] ⋅ 𝐸[|𝑋 − 𝜇|] = 𝐸[(𝑋 −
𝜇))] = 𝜎)92345��/dK:8��12�/^5^-.{𝜔 ∈ Ω||𝑋(𝜔) − 𝜇| ≥ 𝑎}K-.
{𝜔 ∈ Ω||𝑋(𝜔) − 𝜇| ≥ 𝑎}��^ÕÖPr[|𝑋 − 𝜇| ≥ 𝑎] ⋅ Pr[|𝑋 − 𝜇| ≥ 𝑎] = Pr[|𝑋 − 𝜇| ≥ 𝑎⋀|𝑋 − 𝜇| ≥
𝑎] = Pr[|𝑋 − 𝜇| ≥ 𝑎]8ÕÖ 

Pr[|𝑋 − 𝜇| ≥ 𝑎] <
𝜎)

𝑎)
 



 8 

6𝑎 = >
P
�B�¢Oé8Q.e.d8 

 
$W¨¦�6�W£¤¥¦�6�³I¢"8 

93: Higher Moment Inequalities; 
$W¨¦�6�M�/�.eNO𝑋(, 𝑋), … , 𝑋&M���92𝑘-wise independent & 𝑘 = 1:8X|
𝑋(, 𝑋), … , 𝑋&��2𝑘-wise independent^� 

Pr[(𝑋 − 𝜇)> ≥ 𝑧] = 𝑂 �
𝜇>

𝑧
� 

𝑂(⋅)¸/´µ5CK𝑘�Ë8 
 
9ÿé:∀Δ, 𝛿 ∈ R=^� 

Pr[𝑋 ≥ 𝜇 + 𝛥] = 𝑂�r
𝜇
Δ)
s
>
�					 				Pr[𝑋 ≥ (1 + 𝛿)𝜇] = 𝑂 ��

1
𝛿)𝜇�

>
� 

Pr[𝑋 ≤ 𝜇 − 𝛥] = 𝑂�r
𝜇
Δ)
s
>
�					 				Pr[𝑋 ≤ (1 − 𝛿)𝜇] = 𝑂 ��

1
𝛿)𝜇�

>
� 

96𝑧 = Δ))6Δ = 𝛿𝜇: 
94: $¤¶¦�9Chernoff Bounds:; 

9×U:X|?023\845𝑋(, 𝑋), … , 𝑋&z���^�∀𝛼 ≥ 1, 𝐸[𝛼2] ≤ 𝑒(Q5()?8 
Proof; 
©j𝐸[𝛼2%] = 𝑝%𝛼 + (1 − 𝑝%) = (𝛼 − 1)𝑝% + 1 ĝS1 + 𝑡 ≤ 𝑒C�M� Õ̂Ö𝐸[𝛼2%] ≤ 𝑒(Q5()E%8�
�2345𝑋(, 𝑋), … , 𝑋&z���/dKBÖ�¢ 

𝐸[𝛼2] = 𝐸[𝛼2! ⋅ … ⋅ 𝛼2"] =E𝐸[𝛼2%]
%

≤ 𝑒(Q5()? 

 

9$¤¶¦�-upper tail:X|𝑋(, 𝑋), … , 𝑋&z���^�∀𝑥 ≥ 𝜇, Pr[𝑋 ≥ 𝑥] ≤ 𝑒35? r?
3
s
3
8 

Proof; 

�·Fô𝑥P��3
?
≥ 1� L̂C𝑡 → r3

?
s
C
9}H Õ̂ÖPr[𝑋 ≥ 𝑥] = Pr �r3

?
s
2
≥ r3

?
s
3
�8��£¤¥

¦�6�� Pr �r3
?
s
2
≥ r3

?
s
3
� ≤

IRS&'T
(
U

S&'T
& 8��×UB�𝐸 �r3

?
s
2
� ≤ 𝑒35?^ÕÖ Pr[𝑋 ≥ 𝑥] ≤

𝑒35? r?
3
s
3
8 

 

9$¤¶¦�-lower tail:X|𝑋(, 𝑋), … , 𝑋&z���^�∀𝑥 ≤ 𝜇, Pr[𝑋 ≤ 𝑥] ≤ 𝑒35? r?
3
s
3
8 

Proof: 

·Fô𝑥P��3
?
≤ 1^�Pr[𝑋 ≤ 𝑥] = Pr �r3

?
s
2
≥ r3

?
s
3
�8¸¹ÀÁEJ`?*8 
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9ÿé 1:"?
3
º¿S𝛼�� 

∀𝛼 > 1:	 Pr[𝑋 ≥ 𝑥] ≤
𝑒(Q5()?

𝛼3
 

∀𝛼 < 1: 	Pr[𝑋 ≤ 𝑥] ≤
𝑒(Q5()?

𝛼3
	 

B­ÀJyÏ�H𝛼 = ?
3
�Ý68 

 
9ÿé 2:∀Δ, 𝛿 ∈ R=^� 

Pr[𝑋 ≥ 𝜇 + 𝛥] ≤ 𝑒: �
𝜇

𝜇 + Δ�
?=:

					 				Pr[𝑋 ≥ (1 + 𝛿)𝜇] ≤ �
𝑒V

(1 + 𝛿)(=V
�
?

 

Pr[𝑋 ≤ 𝜇 − 𝛥] ≤ 𝑒5: �
𝜇

𝜇 − Δ�
?5:

		 				Pr[𝑋 ≤ (1 − 𝛿)𝜇] ≤ �
𝑒5V

(1 − 𝛿)(5V
�
?

 

9$[6𝑥 = 𝜇 + ΔE𝜇 − Δ)6Δ = 𝛿𝜇: 
 
9ÿé 3:»?�m^¼�³Sþ=/J�; 

				Pr[𝑋 ≥ (1 + 𝛿)𝜇] ≤ exp �−
𝛿)𝜇
3
� 

				Pr[𝑋 ≤ (1 − 𝛿)𝜇] ≤ exp �−
𝛿)𝜇
2
� 

Proof; 

�LC𝑓(𝑥) = ln(𝑥 + 1) , 𝑥 ≥ −1H𝑥 = 0½ÅÆ �̂¢𝑓(𝑥) ≥ 𝑓(0) + 𝑓W(0)(𝑥 − 0) + X))(<)
)

(𝑥 − 0))^

¾4B�ln(1 + 𝑥) ≥ 𝑥 − (
)
𝑥)8"𝑥º¿S−𝛿D�F𝛿 ∈ [0,1]�¢ln(1 − 𝛿) ≥ −𝛿 + V$

)
8¾¬ÿé

2¸¾_vÎ��B�+ÿé/Î� 28h¿^ÀgS (
YZ((=3)

≤ (
3S(5!$3T

= (
3
+ (

)53
^"𝑥º¿S𝛿D

�F𝛿 ∈ [0,1]B�(
V
+ (

)5V
≤ (

V
+ (

)
^ÕÖ�¢

(
YZ((=V)

≤ (
)
+ (

V
8¾¬ÿé 2 ¸¾JvÎ��B�+

ÿé/Î� 18 
9 U²ÁÂC)01CDÃÄz«/hpvw; 
91: ¡𝑛@�TÐÅ¸Ý]𝑘@ÐÅ/ÁÂC; 

𝐴&> = 𝑛 ⋅ (𝑛 − 1) ⋅ … ⋅ (𝑛 − 𝑘 + 1) =
𝑛!

(𝑛 − 𝑘)!
, 𝑘 ≤ 𝑛 

¡𝑛@�TÐÅ¸Ý]𝑘@ÐÅ/01C;HÁÂC/=ÆJÇ±T?0Cª«]È/ÁÂC 

𝐶&> =
𝐴&>

𝑘!
=

𝑛!
𝑘! ⋅ (𝑛 − 𝑘)!

, 𝑘 ≤ 𝑛 

©j�𝐶&> = 𝐶&&5>8 
92: op²îvw; 

9$�ÉwÊU:> 0)1)2)3)4)5 BÖ0M��@��ª«CË/Ì:ÍC�²Î;@:
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C(RÏ 1)3)5^�𝐶[(^Ð:C�RS 0^gh>𝐶\(¸ÏÑ^¸(Ò:CH¸¹/Ó@C¸�
ÏÒ@»�ÁÂ�B^�𝐴\[ëÏÑ^��$�ÉwÊUB�ÎÔ𝐶[( × 𝐶\( × 𝐴\[ = 2888 
 
9$QIwÊU:Õ�Ö�×ØÙ 5ë^ÚnÙ 4ë^£9:Û¡¸ÏÑ 4ë^P×ØÙEÚn
Ù��Ü?ë/ÏÑ���ë�²Î;��NO^ÝÞ/ÂÃ�b1×Ø 3Úne)b2×Ø 2Ú
ne)b3×Ø 1Únê Òë$[�𝐶]( × 𝐶\[)𝐶]) × 𝐶\))𝐶][ × 𝐶\(ëÏÑ^��$QIwÊU^Òë
ÏÑCzIB� 1208ß²;𝐶^\ − 𝐶]\ − 𝐶\\8 
 
9zßíîKàáw:�Ò@âmÓ@ãmäH?Á^NOâmiåzß^ãmiåzß9�?

@Pæ¾�Ñ���?@eç/Td:̂ ?Y���ëÁw�²Î;©j^âmEãmóN$[

èé9ÜêàáMS?@»�:̂ ?Y��@»� ĝh»�¨ë�𝐴))ëÁÂ8HQ@»�a�^
Ü�𝐴[[E𝐴\\ëÁÂ9þá:̂ gh?Y�𝐴)) × 𝐴[[ × 𝐴\\ë8 
 
9zßíîKàáw:A)B)C)D)EÌPä?Á^ABiåzßP BiåH A/¾Ñ^�?
Y���ëÁw�²Î;𝐴\\8�pþá8 
A)B)C)D)EÌPä?Á  ̂ BiåH A/¾Ñ^�?Y���ëÁw�²Î;vw?;ÄÁ

Âè2±Ç BH A/æÑ/@C^�$*
*

$$$
�vwÏ;hp_Çì¢/í'w8îÈ CDEÒ@P/

ÄÁÂS𝐴[[ Ò̂@Pæ¾?Yï_ 4@': ÂE BBÖzßkBÖ�zß ĝh¡Ó@':¸

ÏÑ?@��@�B^�𝐶\( + 𝐶\) = 10^ÕÖÎÔS𝐴[[ × 10 = 608 
 
9z<íîKí'w:5ðñò.ó 5@ôfõö^ôf�zß/äw���ë�²Î;5ðñ
ò?Y�𝐴]]ëÁÂ^ï_M 6@':^?@':¸�R�÷¼ 1@ôf^ghe𝐴_]ëÁw^gh
ÎÔS𝐴]] × 𝐴_]8 
 
9z<Kzßø1:3ðãmE 4ðâmÁùä?Á^OÁùvwëC8 
- ãâÜä?ú9ãmiåzß)âmiåzß:;𝐴)) × 𝐴[[ × 𝐴\\8 
- ãmiåä?ú;ãmàá^𝐴[[ × 𝐴]]8 
- ãm�Rzß;í'^𝐴\\ × 𝐴][8 
- ãâÜ�zß;ãâmÜêÖ�vSûí'^𝐴[[ × 𝐴\\8 
 
9z<Kzßø1:8@üýë� 2@þÿ)3@!")3@#$^O%ÁvwC8 
- ?@þÿÆ&^?@þÿO';𝐴)) × 𝐴__8 
- �@þÿ�zß;𝐴__ × 𝐴`)8 
- �@þÿzßPÒ@!"�zß;𝐴\\ × 𝐴][ × 𝐴))8 
 
9zTÐÅ$0K3(w:10Üs)*$É 7@+ Q̂+��?@ �̂��ë$,vÔ�²Î;

îÈ ®̂e?@$,íî �̂ËUQ@+$¢/- (̂ËUQ@+$¢ü@P8ghhp01C8

10@+?Y� 9@BÖí4 6@(f/'.9/¿Ç�@Aw:^ghÎÔS𝐶^_8BªO^𝑛@
ÐÅ$M𝑚0^$,vÔ?Y�𝐶&5(a5(ë8 
 
9zTÐÅ$0K3(w:" 6@zT/&124 4@3f^O$,vÔëC8 
- Q@3f��S';BC𝐶][8 
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- 4�?@'3f;îÈ2�í4�@(f𝐶])^/2?@(f/í4Nxm?@'3^gh(
RÏ/æ¿5)/¾¿5�61�@(fÕH/:7^�𝐶\(^ÕÖÎÔS𝐶]) × 𝐶\(8 

- 4��@'3f;89 1;îÈ2�í4?@(f𝐶]( ĵ2HÒ@BÏ/:7¸ÏÑ�@9𝐶[):
�?@9𝐶[(:í4¸_/�@(f^ghÎÔS𝐶]( × (𝐶[) + 𝐶[()889 2;îÈÏÑ�@�S
'/3f𝐶\)^j2íî4MM" 6@&124 2@3f^BC𝐶](^ghÎÔS𝐶\) × 𝐶](8 

 
9y�$0íî/�TÐÅ$0KÇ5w:6 +�T/:y�$M 3 ;^Q; 2 +Y���ë$
w�²Î;X|BC𝐶_) × 𝐶\) × 𝐶))/<^Þ=Mª«õt8dX^(AB, CD, EF)E(AB, EF, CD)I
åe?*/^gS;e��%v/^���hp𝐶_) × 𝐶\) × 𝐶))�^�ê>mÉÒ@;ÁM?8g

hóNÇÖzT5/@AëC^ÎÔS
b+$×b,$×b$$

$--
8 

 
9y�$0íîKÇ5w:" 13@1ù$M 30^?0 5@ù^Iç�0 4@ù^���ë$

w�²Î;ùCzT/�0óN±BÁ?^ghÎÔS
b!-* ×b.,×b,,

$$$
8 

 
9y�$0íîKÇ5w:�ÒC�?Y� 6@+^È¡¿mñ4 4ðnm^NDÁ¢+C�/
�@+�PQ@+�DÁ 2ð ?̂Y�üëDÁvw�²Î;îÈz��Ó@�TÐÅ$M�0^

hpÇ5wB�𝐶\) ×
b$$

$$$
ë^j2"®�@0ES�@»�DÁ¢ 6 @+¸^�𝐴_)^ÕÖÎÔS

b,$×b$$

$$$
× 𝐴_)8 

 
9y�$0íîKÇ5w:6+�T/:^$S 30^O$,vw@C8 

- Q0 2+;®ey�$0^gh�b+$×b,$×b$$

$--
8 

- ?0 1+^?0 2+^?0 3+;��ª«C5/$0^BC𝐶_( × 𝐶]) × 𝐶[[8 

- ?0 4+^�¿�0Ü 1+;®e�$y�$0^gh�b+,×b$!×b$!

$$$
8 

 
9ÏÁíîKÈÝ2Áw:Ó@�T/124%vS 1)2)3)4 /Ó@3f¸^4�?@'3
/2w���ë�²Î;gS1�T^ÕÖ�Rhp3(w8$FBÛ���./2wiå�£

@3f2�@1^£�@3f2?@1^/2?@3f��18È¡ 4@1GÇÏÑ�@𝐶\)24
£@3f¸^j2n¼bÒ@rÏ¸/3f/ÄÁÂe"F(2, 1, 1, 0)�«/3f%v^�𝐴\[^g
hÎÔS𝐶\) × 𝐴\[^®Gp¢MbÈÏÑ2Á?e/898 
 
9ÏÁíîKÈÝ2Áw:9ðs)*^I¸ã 5ð^â 4ð^���ëH1IJ/$0vw�
²Î;îÈóNÜÏÑ�P^�𝐶]) × 𝐶\)^j2ã 1��ëÏÑ9â 1�â 2^𝐴)):^ã 1/ÏÑ
"F2ã 2/ÏÑê)"F^ghÎÔS𝐶]) × 𝐶\) × 𝐴))8 
 
9ÏÁíîKÈÝ2Áw:KLM� 8@üýNO$�PQ]^QPQ] 4@^I¸£KLRE
£SîTÜiåHJ?PQ]^£U<üýiåHJÏPQ]^V���ëQ]vÔ�²Î;�

-" 8@üý$[ÓS ABCDEFGH^iåHJ?PQ]/e AB^iåHJÏPQ]/e C^
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�J?P¼óNH¸_/ 5@üý¸ÏÑ 2@9𝐶]):^j2J?P/üýÄÁÂ𝐴\\�JÏPH¸
¹/ 3@üý¸Ï 3@^j2ÄÁÂ^�𝐶[[ × 𝐴\\^ghÎÔS𝐶]) × 𝐴\\ × 𝐶[[ × 𝐴\\8 
 
9ÏÁíîKÈÝ2Áw:pCË 1)2)3)4)5)6 0M��ª«CË/Ó:C^I¸@:)
W:EX:J/CËèE:YC/Ó:CY���@�²Î;��@WX®Ò@:7 N̂~e}

@ÄeYC N̂~?@YC�@ÍC �̂𝐶[[ + 𝐶[(𝐶[)ë01 ĵ2�®Ò@CÁ?9𝐴[[:̂ /2^

Z:C¡¸¹/ 3@GÇÏÑ?@^�𝐶[(^ÕÖÎÔS(𝐶[[ + 𝐶[( × 𝐶[)) × 𝐴[[ × 𝐶[(8 
 

10 U²�Ð%&$µ;�Ð%&$µ*e[\?02345T�Ý¤/ÂÃ8_ÇU?U]^/�Ð%&
$µ;�û$µE�Ð!°$µ8 
91: �û$µ;*eÏû$µÿ_¢�Ð/Â)8 

�?@`f¸a�1 ?̂Y�𝐾ëbc8¡`f¸�2¬mÝ]𝑛@19dÀQ/Ý*0¡��T
$µ:̂ 6𝑋 = (𝑋(, … , 𝑋>)^I¸𝑋>78bcS𝑘/1/@C^}~𝑋0¡�û$µ; 

𝑃((𝑋(, … , 𝑋d) = (𝑥(, … , 𝑥d)|𝜇(, … , 𝜇d) =
𝑛!

𝑥(! … 𝑥d!
𝜇(
3! …𝜇d

3/ 

I¸𝜇>SQ/�Ý/1/bcS𝑘/%& ∑̂ 𝑥>d
>'( = 𝑛8 &!

3!!…3/!
egSN¡𝑛@1/ÁÂC¸±Ç

T?@bc/1ª«/ÁÂC8 

Gamma LCrFGSΓ(𝑧) = ∫ C01!

efg(C)
𝑑𝑡4

< ^e�ÉeÅ¢åCæ/f+9Bn¼Γ(𝑧 + 1) =

(𝑧 + 1) ⋅ Γ(𝑧)­À:8" &!
3!!…3/!

º¿S GammaLC�� 

𝑃((𝑋(, … , 𝑋d) = (𝑥(, … , 𝑥d)|𝜇(, … , 𝜇d) =
Γ�∑ (𝑥> + 1)d

>'( �
∑ Γ(𝑥d + 1)d
>'(

𝜇(
3! …𝜇d

3/ 

92: �Ð!°$µ;*e!°$µÿ_¢�Ð/Â)8 

𝑃((𝑋(, … , 𝑋d) = (𝑥(, … , 𝑥d)|𝜇, Σ) =
1

(2𝜋)
d
) |Σ|

(
)
exp �−

1
2
(𝑥 − 𝜇)hΣ5((𝑥 − 𝜇)� 

I¸𝜇 = (𝜇(, … , 𝜇d)SÜ@2345/�¤^ΣSgv�hi8ΣES�Rie?FBÖ!{�j
k/ l̂Σ5(ijmH92ÇÞnoU¢XàU²!{�jk:8�Σ = 𝜎)𝐼9Üp2345z��
�Pv�zT:̂ �eÜqTd�Ð!°$µ8 

11 ¡r%sj õ/jºU²ijkÎ�; 

𝑃(𝐴|𝐵) = 𝑃(𝐴)
𝑃(𝐵|𝐴)
𝑃(𝐵)

 

𝑃(𝐴)eÊ+𝐴lm/%&9È­:̂ i(j|$)
i(j)
e�tu.w/}»9I¸𝑃(𝐵|𝐴)esj�𝑃(𝐵)evNkû^

w𝑃(𝐴|𝐵)²H 0¢ 1è(:̂ 𝑃(𝐴|𝐵)e}»2𝐴lm/%&92­:8 
 
H?-1-(2)/2�x¢MÄ%&Î�Pr[𝐴] = ∑ Pr	[𝐴⋀𝐵&]& = ∑ Pr[𝐴|𝐵&] Pr[𝐵&]& 8+Î�¼BÖ78S 

Pr[𝐴] = 𝐸[Pr[𝐴|𝑁]] 
h½𝑁e��2345^+�HVWÂÃ_kM�8T*m^+�BÖU²S 

b𝐴/È­%&6�𝐴/2­%&/-1¶·¤e 
12 U²/%sj õ9MLE:Eijkÿy;  
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91: "£?-.lm/%&RS®@-./5C^n¼À�9ïLlmM/z^C�:̂ �+5C»

�ÿy/¼{*esj n̂¼“/%kÀ�lm/%&”|¢/�BR/5C *̂e/%sj õ8 
92: S}~“/%kÀ�lm/%&”e1U/�®egS��~Åm�S; 

?@1U/5C«+�BRmw�ålm/-.9z^C�:/%&/%8 
93: 5C+�kBÖ�Me?@2345 �̂5C/ õ�s5Cn�8Þ�3�n�tw����

5Cn�8H��À�è1 t̂�5C0¡£?@$µ �̂�"®@$µRS+5C/È­$µ8

L¼z^C�/�!�¢/�/$µ^RèS+5C/2­$µ8ijkÿy*e“È­$µ + 
z^C� → 2­$µ”®@¼{8 
P�SM�kijkÿy¼{ �̂�w5C/È­$µE2­$µeT?@$µ9®@$µ�j

e�a�=]w/:̂ +$µ/òCL¼z^C�/���¢M�!8��®*�./È­$µ

E2­$µrRSY�$µ8dX^J 7 �x¢/�û$µ^I5C/Y�$µe Dirichlet $

µ;𝑃(𝑢(, … , 𝑢d|𝛼) =
kl∑ Q#/

#2! n
k(Q!)⋅…⋅k(Q/)

𝜇(
Q! …𝜇d

Q/8S}~5C/Y�$µEÊ�23459q5:/

$µXhzs�®egS5C/Y�$µ/5C𝛼*eÊ$µ/23459q5:8 
94: z^C���9À���:̂5C/$µ*�D¸ �̂!/{|*�V8®@OéBHHöffding’s 

inequalityJz\¢; 
∀𝜀 ≥ 0, 𝑃��𝜃§ − 𝜃∗� ≥ 𝜀� ≤ 2 exp{−2𝑁𝜀)} 

+�6�op��� Probably Approximate Correct9� PAC Learning^p�õt��ÉF�
.//�*+C:8+�6�Iå*e?-8-(4)-ÿéÒ8 

95: ÖzqXSd^�-"!Çu_/%&S𝜃^��aêjmÞ�S𝜃 = (
)
^®*eÈ­8È­no

eP���¸�?@-.lm/%&/·���8�M®@È­ �̂��ymzqX�Ýz^C

�^��®�z^C�w�!𝜃8X|qX��=t^}~Hz^C�5rS�%/ÂÃ_^2

­Y���
(
)
8X|qX=tM^!Çu_//C���çÇ^}~2­*Þr�!¢?@�&

�
(
)
/:78ÖJ®@df¸ 5̂C/$µeVW$µ9Beta$µ:8Hz^C����/ÂÃ_^

Ì�/È­�BÖraVm�! È̂­/mH�� I�8¡¢/¢õn�tw£¤A¥�t�

'(9È­:/ÏÝ^!egSz^*+YwÉ]��1U/�!^g¨Ô�ÀrRS“&*+
n�”8 

13 ��ijkÿy9È­ → /%sj õ → /%2­�s:; 
91: Ïû$µ;ÖzqXSd^�5CS𝜃^78!Çu_/%&9Head:8 

È­; 
t�𝜃0¡X_È­$µ9��RèS Beta$µ: 

𝑃(𝜃) =
𝜃q35((1 − 𝜃)q45(

𝐵(𝛽r , 𝛽s)
~𝐵𝑒𝑡𝑎(𝜃|𝛽r , 𝛽s) =

Γ(𝛽r + 𝛽s)
Γ(𝛽r)Γ(𝛽s)

𝜃q35((1 − 𝜃)q45( 

I¸𝛽r , 𝛽seÈ­$µ/5C8 
 
sj; 
zqXC/ �̂¢M?0z^C�𝐷9e.g. {𝐻, 𝑇, 𝐻, 𝐻, 𝑇, … }:̂ I¸Head@CS𝛼r T̂ail@CS
𝛼s8�BÖ�¢sj 

𝑃(𝐷|𝜃) = 𝜃Q3(1 − 𝜃)Q4 
èÕÖe³ÉegS��t�Q/¦*�0¡ i.i.d.89�� MLE BÖ�¢Hz^C�𝐷/�!
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_^𝜃§ = Q3
Q3=Q4

8: 

 
2­; 
��ijkÎ�^2­𝑃(𝜃|𝐷)�� 

𝑃(𝜃|𝐷) ∝ 𝑃(𝜃)𝑃(𝐷|𝜃)~𝐵𝑒𝑡𝑎(𝜃|𝛽r + 𝛼r , 𝛽s + 𝛼s) 
ÕÖ2­²j0¡ Beta $µ^(e Beta $µ5ClmM4k8ghÈ­$µE2­$µY�8 
h���å5C𝜃∗/õt«+e®*/; 

𝜃∗ = 𝐸[𝜃] = [ 𝑃(𝜃|𝐷)𝜃𝑑𝜃
(

<
 

5C𝜃/Q@Ý¤lm/%&ÏÝ/e2­%&8 
X|𝑃(𝜃|𝐷)/$µïÛ9+Ôd¸eïÛ/^*e Beta$µ:̂ }~qÚ&§õt®@¶·*¨
-M8©eX|𝑃(𝜃|𝐷)/$µªÛ^��BÖp/%k2­/v�± õ2­^� 

𝜃∗ ≈ argmaxt𝑃(𝜃|𝐷) 
®ë õvw*e/%2­�s9Maximum A Posteriori approximation M̂AP:8��+íî^
BÖ­À^MAP/O|e 

argmaxt𝑃(𝜃|𝐷) =
𝛼r + 𝛽r − 1

𝛼s + 𝛽s + 𝛼r + 𝛽r − 2
 

�z^C5𝑁 = 𝛼s + 𝛼r → ∞�^argmaxt𝑃(𝜃|𝐷) →
Q3

Q3=Q4
= argmaxt𝑃(𝐷|𝜃)^¨26*e/%

sj8®*­ÀMJ`«y¼/Oé;�z^*+5���%/��^/%sj õ≈/%2­
�s^È­/Ep� I�8 

92: �û$µ; 
Ïû$µÿ_¢�Ð2345*�¢M�û$µ^È­)sj)2­�G�a¬8�û$µAo

£%^Bp�xyÕ�<=23-.8 
È­9��RèS Dirichlet$µ:; 

𝑃(𝜃)~𝐷𝑖𝑟({𝜃(, … , 𝜃d}|{𝛽(, … , 𝛽d}) =
Γ�∑ 𝛽>d

>'( �
∏ Γ(𝛽>)d
>'(

E𝜃>
q#5(

d

>'(

 

 
sj; 
��z^C�𝐷 = {𝑋(, … , 𝑋u} = {𝑁(, … , 𝑁d}^I¸𝑁>78J𝑘@bc/1]È/@C8�sjS 

𝑃(𝐷|𝜃) =E𝜃>
u#

d

>'(

 

9��MLEBÖ�¢Hz^C�𝐷/�!_^𝜃>̄ =
u#

∑ u#/
#2!

8: 

 
2­; 

𝑃(𝜃|𝐷) ∝ 𝑃(𝜃)𝑃(𝐷|𝜃)~𝐷𝑖𝑟({𝜃(, … , 𝜃d}|{𝛽( +𝑁(, … , 𝛽d +𝑁d}) 
/%2­�s; 
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∀𝑘 = 1,… , 𝐾:		𝜃>∗ = [𝜃>𝐷𝑖𝑟 ({𝜃(, … , 𝜃d}|{𝛽( +𝑁(, … , 𝛽d +𝑁d})𝑑𝜃> ≈ argmaxt#𝑃(𝜃>|𝐷)

=
𝛽> +𝑁>

∑ 𝛽>d
>'( +∑ 𝑁>d

>'(
 

T*B­À�∑ 𝑁>d
>'( → ∞�argmaxt#𝑃(𝜃>|𝐷) → argmaxt#𝑃(𝐷|𝜃>)8 

93: !°$µ;B­öT*/®9xy^h½�ÌÅÆ8 

�!°$µ/?0z^C�s MLE B�𝜇 = ∑ 𝑥%u
%'( ^𝜎) = (

u
∑ (𝑥% − 𝜇))u
%'( 8®­ÀMS}~p

*+�¤ õ¶·eB�/^T�k­ÀMS}~BÖp
(
&
∑ (𝑋% − 𝜇))&
%'( �s𝜎)8��2Ç¼Þ

ÌUc®@íî8 
94: gSQ/¦*NO0¡��T$µ Õ̂Ösj¯��eQ/¦*%&/³É8®*eS}~Hs

MLE/��ªÞ×4�C^*eSM"³ÉñkS³I^¡¨³v°m��O!st8 

14 *+v�/õtÎ�S𝑆) = (
&5(

∑ (𝑋% − 𝑋±))&
%'( ^S}~$ñe𝑛 − 1? 

91: ¸Ur�FU;¡�¤S𝜇^v�S𝜎)/��?@ª�¸�Ý*+5S𝑛/*+^�𝑛±$%/�

�^*+�¤𝑋±/�*$µ�s0¡�¤S𝜇^v�SP$

&
/!°$µ8 

92: íî 1;ïÛ2345𝑋/¶·S𝜇^�v�FGS𝜎) = 𝐸[(𝑋 − 𝜇))]8�v�𝜎)ªÛ�^S}~

BÖp𝑆) = (
&
∑ (𝑋% − 𝜇))&
%'( �s𝜎)� 

O²89;ÀÁ𝐸[𝑆)] = 𝜎)8�â¸Ur�FU^+�7Á2345𝑌 = 𝑆)0¡�¤S𝜎)/!°

$µ^ghÏÑ
(
&
∑ (𝑋% − 𝜇))&
%'( w�s𝜎)e1U/8 

93: íî 2;�¶·𝜇kªÛ�^p�¤𝑋± = (
&
∑ 𝑋%&
%'( w�s𝜇^S}~𝑆)/õtÎ�4MM 

𝑆) =
1

𝑛 − 1
6(𝑋% − 𝑋))
&

%'(

 

�^$ñ4MM𝑛 − 1� 

O²89;E�∑ (𝑋% − 𝑋±))&
%'( −∑ (𝑋% − 𝜇))&

%'( )^BlÈÏ69¶·J:z�(
&
𝜎)8 

15 U²gv�KzËòC/FG>w; 
91: Xàxy�@2345𝑋E𝑌è(/zËd�z\²úw/h)Ç´�/uv³ 

�2345𝑋E𝑌/𝑛@*+S(𝑥(, 𝑦(), … , (𝑥&, 𝑦&) �̂Ç´�èES𝐴 = ∑ (𝑥% − 𝑥*)(𝑦% − 𝑦*)%v* ?̂

Y�𝐶&)@Ç´�8�𝐴 < 0�<zË^®7ÁÏ6/HGvqezç/8TUB´y𝐴 = 0��z
Ë^𝐴 > 0�!zË8 

92: õtÇ´Eµ¶·³BChp¶·—— 

𝐴W =6(𝑥% − 𝜇2)(𝑦% − 𝜇9)
&

%'(

 

©eQ@*+,lm/%&�?*^/V¸_�T/¹ª^ÕÖ¼N�N8��BCFGH¶·

JVM; 
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𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸[(𝑋 − 𝜇2)(𝑌 − 𝜇9)] = 𝐸[𝑋𝑌] − 𝐸[𝑋]𝐸[𝑌] 
®*e2345𝑋E𝑌/gv�8�𝐶𝑜𝑣/uv´yE�𝐴/?º8"gv�/%7»Å�𝑛@23
45^�Σ&×&egv�hi^PΣ&×&�𝑋% , 𝑌*� = (𝑋% − 𝜇2)(𝑌* − 𝜇9)8 
©j �̂𝑋E𝑌z��� �̂𝐶𝑜𝑣(𝑋, 𝑌) = 0 �̂𝑋E𝑌�zË8¼B�¢1`ïÉ]/Oé𝐸[𝑋𝑌] =
𝐸[𝑋]𝐸[𝑌]8®¼Á��de�zËd/?@±$�.8 

93: Ev�?*^gv��9:^PYwW½𝑋E𝑌¾?@E𝑍³zË8gh×4zËòC±B5¿; 

𝜌29 =
𝐶𝑜𝑣(𝑋, 𝑌)

𝑉𝑎𝑟(𝑋) × 𝑉𝑎𝑟(𝑌)
 

®*e2345𝑋E𝑌/gv�òC8 
16 , õK#( õ9Ö!°$µSd^t�2345𝑋~𝑁(𝜇, 𝜎)): 

91: , õ;s?/�*𝑋(, … , 𝑋&^Ý*+�¤𝜇̂ =
(
&
∑ 𝑋%&
%'( *e���¶·/?/, õ� 

92: #( õ;, õ/%/íîH����w´y¾?/ õ𝜇̂(, … , 𝜇̂a³V8À,º¿S#(ÞÁ
*�Â¬$F?_—— 

�2345𝑀 = (
&
∑ 𝑋%&
%'( 78Q/%&S𝑛/�*/�¤ �̂��¸Ur�FUBÛ𝑀~𝑁(𝜇, P

$

&
)8

BÖt]^Ö𝜇S¸U^Ç´ÃW 95%/#(S𝑃(𝜇 − 1.96 P
&
≤ 𝑀 ≤ 𝜇 + 1.96 P

&
)8k*e¼^��

?/¦*�¤𝜇̂^X|��Ö1.96 P
&
S;ÄE#(^*� 95%/%&öÅ𝜇9Bs§­À:8��R

95%S7tÆy8©j^�=#( õóN2345/v�ïÛ8 
17 U²t�Ç­; 
ÖzqXSd t̂�qXJ��Et “̂zü/ È̂åÈ�É?É�”*eÇ­+t�8FG2345𝑋=“z
𝑛/^I¸!Çu_//C”8dX𝑛 = 10^!Çu_ 9/^� P¤𝑃(𝑋 ≥ 9) ≈ 0.019ÊBÇ^I5 P¤
𝑃(𝑋 ≥ 9 ∧ 𝑋 ≤ 1):8X"©ËÆyFS 0.05^�𝑃(𝑋 ≥ 9) < 0.05^¼Á®@qXaÁ©=tM9�bt
�©Ë�M�e:8  

18 S}~ptÌy�¤ES^5/z^/O|e1U/� 
91: ®@íîÍcMÈ¾%&é/ÎU8ÔEÖ_ü@íî6½; 

“/&ÏÉw/UéA�e}~�” 
“S}~^5¯�u1!°$µ�” 
“Xàÿ!!°$µ/ pdf�” 

92: w��°°�»8 
���¤𝑦∗^"���I/ õÓS𝑦8t�^5M𝑛/^Q/z^O|ÓS𝑦(, … , 𝑦&^�ª/¯
�yvS 

𝜖 =6(𝑦 − 𝑦%))
&

%'(

 

X|¯�e23/^}~*«+²ÏÚ�¤J_Ð)^�!�<9t���/z^eYÑ/:8

9®Iå*e%CFU——0¡��T$µ/*+�¤�Ò�¶·¤8ÈH t̂����ÛÜ®

@-å:}~R�w𝜖Ý¤/&/𝑦*«+e/C�𝑦∗/¤8O²+/fkíî96wx
w8
= 0�B:̂

BÖ�¢ 
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𝑦 =
1
𝑛
6𝑦%

&

%'(

 

®*ez^/tÌy�¤8®@O²89!e/&ÏÉw9MSE/&k:8p/&ÏÉws�û
�Ó1(óNÀJy𝑦º¿M𝑓(𝑥) = ∑ 𝑎%𝑥&=(5%&=(

%'( DA/�𝑎%OÑ!�B8 
93: X|/&ÏÉwe�/^}~ptÌy�¤ES^5/z^/O|*e1U/8Be^S}~/

&ÏÉw*�Ô� 
��BÖp MLE wÂ¬¬Î®?íî8�Q/?z^¤𝑥%E�¤𝑥è(mH?@¯�𝜖^t�¯

�0¡%&$µ𝑝(𝜖),	�	𝑛/z^Þ�¢?@Ê1%&$µ^ÓS 

𝐿(𝑥) = 𝑝(𝑥 − 𝑥() ⋅ 𝑝(𝑥 − 𝑥)) ⋅ … ⋅ 𝑝(𝑥 − 𝑥&) 

��MLE^𝑥 = argmax3𝐿(𝑥) ↔
wy(3)
w3

= 0^ÀgS/&ÏÉw�S𝑥 = (
&
∑ 𝑥%&
%'( ^Ê� 

⎩
⎪
⎨

⎪
⎧
𝑑𝐿(𝑥)
𝑑𝑥 = 0

𝑥 =
1
𝑛6

𝑥%

&

%'(

 

²�𝑝(𝜖) = (
z(){)P

exp	(− x$

)P$
)[TODO: É]ÿ!¼{]8®�ÙÚ^5¯�u1!°$µ³9®@

O|e�k/ÈlÈ/8Iå}@��P�¼�ÛÜ®@ pdf�2È�ÚÁ*Õ%/ãä82w
P�BCÀ GaussianESNormal Distribution/TGÖ p̂�×7�k%Ø/Õ%ÙÚ8�®

G/g|Û?EÜÝJÛZlÈ/Û?eç/: 
94: X|^5¯�u1!°$µ9k*e%&$µ𝑝(𝜖):eBCÞ/ }̂~/&ÏÉw*eBCÞ/8

Be^S}~^5¯�u1!°$µÔ��9®ß¸: 
2w^àÚàklÈ^�¯�BLS�&5/áI^�¯�0¡!°$µ8®*eÈ¾%&éÜ

ÝJ/ªN/Oé——¸Ur�FU/1�89®ßO~: 
95: ¸Ur�FU/â)eP�SMO²“Ïû$µ¸�<¶·?F�</-.lm/%&�sS�

�”®?íî¨lÈ/82wÀrÿ_¢��$µ8¨z^¯�E/&ÏÉw/zËãäe¡P
`n×]/íî82È/¢õnÒ%$µY�A¥�!°$µ¨�=8 

19 U²åd¬­/+K; 
91: ¬­*e��æ4/z^C�(𝑥% , 𝑦%)|%'(,…,&9𝑥%BÖeq5:̂ n¼/&ÏÉwn�ývLC𝑓(𝑥)

/5C8X|ývLC𝑓(𝑥)wêX_t�'(;𝑓(𝑥) = ∑ 𝜔* ⋅ ℎ*(𝑥)>
*'( Î¸𝜔*Eℎ*�BÖeq5

9©eóNpºzT^®*,Éç1w:̂ }~*eåd¬­8𝜔*|*'(,…,>*eývLC𝑓(𝑥)/5
C^¨ℎ*(𝑥)|*'(,…,>�e=LC8J`ïLnoxyM/&ÏÉw/1Ud^h½�HÅÆ8 
�æ4𝑥% ∈ R ℎ̂%(𝑥) = 𝑥%�^t�'(*eÄ��û�/D18h�åd¬­íî4MM�û�
Ó1íî8=LC/ÏÝe�ë�*/8è�^åd¬­¸/bådee\ývLCr�E=L

C/IwECÉ/O|9HJÒéü�Þx¢både/êëFG:̂ ¨�e\=LCiåeå

dLC82Ç��Þ�¢^ìGj�Cke9:!{=/åd018 
92: åd¬­/ªN«peíM$$F9PCA:8E?î/¬­íî�T/e^PCA��óNn�5

C ¼̂Nn�=LC8PCA/ývep³�/=LCw�BRmdïÊC�/�/tu58�Þ
�vwBÖO² PCA^Ö2Þï>�/`.ð4$F8 
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20 U²ñczË/%7; 
91: ñròwó5?@23-./�"Fd8 

C_w/ab"ô�<=2345ÅÆxy8 
�?@2345»�%õ^êtu𝐼(𝑥)e𝑋 = 𝑥/tu5/%õGº9ÏÑ�CLC(eSMxy
“-.lm/%&�%^�%õ�bö)ÕöÅ/tu5��”®?È�8÷�jBÖÏÑ[/^
(N%ø�T�B:; 

𝐼(𝑥) = − log�𝑃(𝑋 = 𝑥)� = − log𝑃(𝑥) 
¨ñ�ey�%õGº9ke/f%õGº:; 

𝐻(𝑋) = 𝐸[𝐼(𝑋 = 𝑥)] = −6𝑃(𝑥) log 𝑃(𝑥)
3

 

?@"F/-. �̂I%õñSù�?@�"F/-.9�23-.:̂ �"F/{º�% ñ̂*

�%8©j^�ø$µ/ñ/%8 
92: >hBFGÊ1ñE�.ñ; 

Ê1ñ;𝐻(𝑋, 𝑌) = −66𝑃(𝑥, 𝑦) log 𝑃(𝑥, 𝑦)
83

 

�.ñ;𝐻(𝑋|𝑌) = −66𝑃(𝑥, 𝑦) log 𝑃(𝑥|𝑦)
83

 

93: �tuxyM“�?@2345ïÛ�^ß?@2345/�"Fdú�M��”; 

𝐼(𝑋; 𝑌) = 𝐼(𝑌; 𝑋) =66𝑃(𝑥, 𝑦) log �
𝑃(𝑥, 𝑦)
𝑃(𝑥)𝑃(𝑦)

�
83

 

©j𝐼(𝑋; 𝑌) = 𝐻(𝑋) − 𝐻(𝑋|𝑌) = 𝐻(𝑌) − 𝐻(𝑌|𝑋)8 
94: {ûñK KL=º;��$µS𝑝/2345 𝐻̂(𝑝) = 𝐻(𝑋)eI/f%õGº^̈ {ûñ�e“­

ö%&$µS𝑞//f%õ��å$µS𝑝/tu»�%õ”/Gº; 

𝐻(𝑝, 𝑞) = 𝐸Ej− log�𝑞(𝑥)�k = −6𝑃(𝑥) log�𝑞(𝑥)�
3

 

z«m^%&$µ𝑞w�s𝑝»�%õÕ=M/tuüý5*e KL=º; 

𝐷dy(𝑝||𝑞) = 𝐻(𝑝, 𝑞) − 𝐻(𝑝) = −6𝑃(𝑥) log �
𝑝(𝑥)
𝑞(𝑥)

�
3

≥ 0 

 
 

- ./0%1&*23'$ 
1 U²�´$/+K; 
91: ÈH^�NÌ"!CU²Sbþ�4k&e8Ý¨¾èm^ÿêëÓôIFG; 

𝑑𝑓(𝑥)
𝑑𝑡

= lim
wC→<

𝑓(𝑥 + 𝑑𝑡) − 𝑓(𝑥)
𝑑𝑡

 

®egS𝑑𝑡!j,�� 0©DA 0^��R𝑑𝑡SY�&58Y�&�ÚrSê"/FG^�Y�
&/#¯U²"Þ!ºYC/$é8 
Õ�/O!%��¡J�ÿ&¨w8ES?ëz7J/ªO Ô̂�BÖw��Hõt!C�Yó

Q/�­öFG�Y�&5»�'E8óN()�*/�ådw�)Éww�)Çww�9BA

�Éww��¢:)!CF�)+�w�8_ÇÉ]?�%ø�µ),©ea�áâ/w�; 
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9çLC/!C:��𝑓(𝑥) 6̂𝑔 = 𝑓5( �̂𝑥 = 𝑔�𝑓(𝑥)�8�1 = w|
w3
= w|(X)

wX
⋅ wX
w3
8ÕÖ

wX
w3
= [𝑔W(𝑓)]5(8

TU
w|
w3
= [𝑓W(𝑔)]5(8 

9_G-/!C:(𝑓|)W = �𝑒| YZ X�W = 𝑓| r𝑔W ln 𝑓 + |
X
𝑓Ws8  

92: �$/êëFG; 
�LC𝑦 = 𝑓(𝑥)H£#(a�FG^𝑥<c𝑥< + Δ𝑥Hh#(a^�LCH5Δ𝑦 = 𝑓(𝑥< + Δ𝑥) −
𝑓(𝑥<)B78SΔ𝑦 = 𝐴 ⋅ Δ𝑥 + 𝑜(Δ𝑥)^I¸𝐴e�A¥�Δ𝑥/oC^�LC𝑦 = 𝑓(𝑥)H𝑥<½B�8
𝐴 ⋅ Δ𝑥e𝑓(𝑥)H𝑥<½z��ê45H5Δ𝑥/�$^ÓE𝑑𝑦8 
 
�$e��$/�s^ÖB¾#8gh�$ÀrRS“åd�s”8 

93: ?@LCH£?,/Ä�$e+LCH+,.�Ë�IÄ�ê45///åd�s ®̂e945

LC/�$H�45LCJ/ÿ_8 

94: b´$ = lim
Z→4

∑�$e8 

2 U²$åE!C/+K;$åe å0M/CÂ/r�^!Ce å0&/r�8 
3 ÃÄÒ%�$¸¤FU9è��.;1#(JVW^Æ#(JB!:8 
4 #$í¤KÓ1; 
91: í¤;LC¢"L¼Q?@C�,� 
92: Ó1;¦p/&ÏÉw/@A^s¯�yvE/&k8D�NO¢"L¼Q?@,8 

5 ÿ!�û�í¤K23ÅÆ�;��z^C�(𝑥<, 𝑦<), (𝑥(, 𝑦(), … , (𝑥&, . 𝑦&)^"F𝑓(𝑥) = ∑ 𝑎%𝑥%&
%'< /Ü@

òC^dÀ𝑓(𝑥)L¼Q?@z^C�8o%/õtvw*e.474�^O²ådv{0856eQ�
H?@C�,Ä�òC𝑎%�Nª�t8 
91: 78í¤w;Q�H?@z^C�^(óõtzË/�$“��”�B^õtBÖH5�»�^ï

L9]/tc��:;—— 
�𝑓((𝑥)L¼�𝑥<, 𝑓(𝑥<)�E�𝑥(, 𝑓(𝑥()�DGM®@*f; 

𝑓((𝑥) = 𝑓(𝑥<) + 𝑏((𝑥 − 𝑥<) 

.4�𝑥(, 𝑓(𝑥()�²�𝑏( =
X(3!)5X(35)

3!535
8¡¨�¢ 

𝑓((𝑥) = 𝑓(𝑥<) +
𝑓(𝑥() − 𝑓(𝑥<)

𝑥( − 𝑥<
(𝑥 − 𝑥<) 

�𝑓)(𝑥)L¼�𝑥% , 𝑓(𝑥%)�|%'<,(,)DGM®@*f; 
𝑓)(𝑥) = 𝑓((𝑥) + 𝑏)(𝑥 − 𝑥<)(𝑥 − 𝑥() 

.4�𝑥), 𝑓(𝑥))�²�𝑏) =
6(&$)16(&!)

&$1&!
56(&!)16(&5)&!1&5

3$535
8¡¨�¢ 

𝑓)(𝑥) = 𝑓(𝑥<) +
𝑓(𝑥() − 𝑓(𝑥<)

𝑥( − 𝑥<
(𝑥 − 𝑥<) +

𝑓(𝑥)) − 𝑓(𝑥()
𝑥) − 𝑥(

− 𝑓(𝑥() − 𝑓(𝑥<)𝑥( − 𝑥<
𝑥) − 𝑥<

(𝑥 − 𝑥<)(𝑥 − 𝑥() 

»?��¢𝑓[(𝑥)^…^𝑓&(𝑥)8/2/𝑓&(𝑥)*e��<N/𝑓(𝑥)8 
FG���kxy; 
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?���;𝑓j𝑥% , 𝑥*k =
𝑓(𝑥%) − 𝑓�𝑥*�

𝑥% − 𝑥*
 

Ï���;𝑓j𝑥% , 𝑥* , 𝑥>k =
𝑓j𝑥% , 𝑥*k − 𝑓[𝑥* , 𝑥>]

𝑥% − 𝑥>
 

… 
¡¨�¢ 

𝑓(𝑥) = 𝑓(𝑥<) + 𝑓[𝑥<, 𝑥(](𝑥 − 𝑥<) + ⋯+ 𝑓[𝑥<, … , 𝑥&](𝑥 − 𝑥<) ⋅ … ⋅ (𝑥 − 𝑥&5() 
92: àë=>í¤w;p𝑛 + 1@𝑛/#å/áI�¢𝑓(𝑥) = ∑ 𝑎%𝑥%&

%'< 8 

FG𝑓%(𝑥) = ∏ 3539
3%539

<v%v&
*M% ^78(L¼C�,(𝑥% , 1)/𝑛/#å^� 

𝑓(𝑥) =6𝑦%𝑓%(𝑥)
&

%'<

=6𝑦% E
𝑥− 𝑥*
𝑥% − 𝑥*

<v%v&

*M%

&

%'<

 

93: �ëí¤vw�¢/eT?�#å?� 
gS®�ëvw�eåd/9�û�=/åd01:̂ ÕÖBÖ¡@ABA�Â�4�$F²/

C?deêM�8𝐴𝑥 = 𝑏�C?²/�.ehi𝐴AÍD^��Â��Sù9Ò-1ÞÉ]³�$
F:8¾4+íî�B­ÀeT?�#å; 

|𝐴| = E �𝑥* − 𝑥%�
<v%v*v&

*M%

, 𝑥* ≠ 𝑥% 	↔ |𝐴| ≠ 0 

94: �û�í¤/+Keðp�û�/£%²±d±����EFLC8®?8<GhM23ÅÆ�
/Hm8 
�𝑓(𝑥)H𝑥<, 𝑥< + Δ𝑥,… , 𝑥< + 𝑛Δ𝑥½/¤ïÛ8E78í¤zW ®̂G/C�,e6(3/8FG

?��$; 
Δ𝑓(𝑥<) = 𝑓(𝑥< + Δ𝑥) − 𝑓(𝑥<) 

… 
Δ𝑓(𝑥< + (𝑛 − 1)Δ𝑥) = 𝑓(𝑥< + 𝑛Δ𝑥) − 𝑓(𝑥< + (𝑛 − 1)Δ𝑥) 

}~78í¤w¸/𝑓((𝑥)4MM 

𝑓((𝑥) = 𝑓(𝑥<) +
Δ𝑓(𝑥<)
Δ𝑥

(𝑥 − 𝑥<) 

FGÏ��$; 
Δ)𝑓(𝑥<) = Δ𝑓(𝑥< + Δ𝑥) − Δ𝑓(𝑥<) 

… 
Δ)𝑓(𝑥< + (𝑛 − 2)Δ𝑥) = Δ𝑓(𝑥< + (𝑛 − 1)Δ𝑥) − Δ𝑓(𝑥< + (𝑛 − 2)Δ𝑥) 

}~78í¤w¸/𝑓)(𝑥)4MM 

𝑓)(𝑥) = 𝑓(𝑥<) +
Δ𝑓(𝑥<)
Δ𝑥

(𝑥 − 𝑥<) +
Δ)𝑓(𝑥<)
2Δ𝑥)

(𝑥 − 𝑥<)(𝑥 − 𝑥() 

BÖ­À^/I"Þ�¢ 

𝑓(𝑥) = 𝑓&(𝑥) = 𝑓(𝑥<) +
Δ𝑓(𝑥<)
Δ𝑥

(𝑥 − 𝑥<) +
Δ)𝑓(𝑥<)
2Δ𝑥)

(𝑥 − 𝑥<)(𝑥 − 𝑥() + ⋯+
Δ&𝑓(𝑥<)
𝑛! Δ𝑥&

(𝑥 − 𝑥<) ⋅ …

⋅ (𝑥 − 𝑥&5() 
�Δ𝑥 → 0�9h�𝑥 − 𝑥< = ⋯ = 𝑥 − 𝑥&:̂ 23J^ 
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𝑓(𝑥) = 𝑓(𝑥<) + 𝑓W(𝑥<)(𝑥 − 𝑥<) + ⋯+
𝑓(&)(𝑥<)

𝑛!
(𝑥 − 𝑥<)& + 𝑜((𝑥 − 𝑥<)&) 

k*e
:"X(35)
:3"

= 𝑓(&)(𝑥<)^®*e23ÅÆ�8 

 
23ÅÆ/+Ke±$ðp��#åJ£?,J/“EFtu”^ 

p�û�í¤®?#K�#å8 
 
�h^��BÖBCõt��#åℎH,𝑥/𝑛��û�𝑝/�s; 

Â
ℎ(𝑥) = 𝑝(𝑥)
ℎW(𝑥) = 𝑝W(𝑥)…

ℎ(&)(𝑥) = 𝑝(&)(𝑥)
 

O²®@ådv{0�B�¢𝑝/Ü@oòC^¡¨�¢ℎ/𝑛�23ÅÆ8 
95: 23ÅÆHõt3a��Þ�«p8WXÒjLC�v°õt^©e�û�*Vt�M8p23

ÅÆ õLC¤/1U{ºÞ¢�ÒL;Ä9ÅÆ,𝑥<¢/�/Í,/�<:/ãä8dX^�

NO²30
!
-^���𝑓(𝑥) = 𝑥

!
-^H𝑥< = 29½ÅÆ�WH𝑥< = 7½ÅÆ¢"/�8 

“�ÒL/mH7ÁåCe«C/?�$^�h(ãäåCíî^kÞr«Cãä¢8” 
96: Óô?�op/MNOP�C^Ô�Hõt?�CÂJ_�/��BRÞú¢?Fáâ; 

9üà�C:∀|𝑥| < 1: 

1
1 − 𝑥

= 6𝑥&
4

&'<

 

9Ïû��C:∀|𝑥| < 1, 𝑐 ∈ R: 

(1 + 𝑥)} = 6r𝑐𝑛s
4

&'<

𝑥& =E
𝑐 − 𝑘 + 1

𝑘

&

>'(

𝑥& 

9\CLC:∀𝑥: 

𝑒3 = 6
𝑥&

𝑛!

4

&'<

 

9�CLC 1:∀𝑥 ∈ [−1,1): 

ln(1 − 𝑥) = −6
𝑥&

𝑛

4

&'(

 

9�CLC 2:∀𝑥 ∈ (−1,1]: 

ln(1 + 𝑥) = 6
(−1)&=(𝑥&

𝑛

4

&'(

 

9ÒjLC:∀𝑥: 
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sin(𝑥) = 6
(−1)&

(2𝑛 + 1)!

4

&'<

𝑥)&=( 

cos(𝑥) = 6
(−1)&

(2𝑛)!

4

&'<

𝑥)& 

6 ðp´$õt�C/J_�;Ö}E�C𝐻& = ∑ (
%

&
%'( Sd^I¸/Q?ûBÖ¢?r?@X_/$#L

Cw78;ℎ(𝑥) ≔ (
%=(

, 0 ≤ 𝑖 < 𝑥 ≤ 𝑖 + 18BÖÉ]ℎ(𝑥)/J_�; 

ℎ(𝑥) ≔ Ç
1, 0 < 𝑥 < 1
1
𝑥
, 𝑥 ≥ 1 ,					ℎ(𝑥) ≔

1
𝑥 + 1

 

ÕÖ∫ ℎ(𝑥)𝑑𝑥&
< ≤ 𝐻& ≔ ∫ ℎ(𝑥)𝑑𝑥&

< ≤ ∫ ℎ(𝑥)𝑑𝑥&
< ^B�𝐻& = Θ(log(𝑛))8�log(𝑛!)ÅÆDðpJ_�´$

�B�kZPÎ�8 
7 U²VWE?ºVW/%7; 

91: VW;lim
3→}

�𝑓(𝑥) − 𝑓(𝑐)� = 09,: 

92: ?ºVW; lim
3!→3$

�𝑓(𝑥() − 𝑓(𝑥))� = 09#(: 

8 U²Q´st;𝑥 + 𝑦�6�𝑛^¡§¬J�¬QRS?*8 
91: <=;(𝑓 ∗ 𝑔)(𝑛) = ∑ 𝑓(𝜏) ⋅ 𝑔(𝑛 − 𝜏)~'4

~'54  

92: VW;(𝑓 ∗ 𝑔)(𝑛) = ∫ 𝑓(𝜏) ⋅ 𝑔(𝑛 − 𝜏)~'4
~'54 𝑑𝜏 

HQ´ØLTU¸^Q´op�yF§¬^�À�VtvEW²/y�?_8 
9 p78X¾wY|�/�û�v{/²; 
s��,½/$å^E𝑥Z/{,ESX¾�¢/�,^[Ws+,/$åDY|E𝑥Z/{,8ç«�
�B¢4¢�Ò�.; 

𝑥&=( ← 𝑥& −
𝑓(𝑥&)
𝑓′(𝑥&)

 

"78X¾wÿ_¢��#åóN+#åHÉF#(amH?�!8+vw�ªe�Ò^BRÞ�<²

�w��)ç«\])^²8 
10 U²_º/%7;_ºe÷#Ç/LC¤HG/`/vqHê45'(J/baãe9®@¼wD�N"^
gSR�ÏÑvq/*eê45^©e�>�baãe®@Öa)�:8 
91: Ö?ÐLC𝑦 = 𝑓(𝑥)Sd^ê45'(e?p'(9�𝑥Z:8(��@vq;𝑥Z!vqE𝑥Z<

vq8𝑓W(𝑥) > 07Áb1c𝑓(𝑥)ÞH%^_ºvqe𝑥Z!vq�𝑓W(𝑥) < 07Áb2c𝑓(𝑥)ÞH
%^_ºvqe𝑥Z<vq8 

92: ÖÏÐLC𝑧 = 𝑓(𝑥, 𝑦)Sd^ê45'(eÏp'(9𝑥𝑦yÇ:̂ vq�YC@8_ºSΔ𝑧 =

r�H
�3
, �H
�8
s
h
^®@q5/vq*e𝑧HG/`/vq8 

93: _ºK6�ådB8®e©j/ ĝS6�åJ/LC¤zT (̂�®*çBÖs¢“�Ñ�e”8 
11 U²K�/fd/iN�.; 
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91: ∀𝑥 ∈ R&, 𝑦 = 𝑓(𝑥) ∈ R^�𝑥∗SK�/f²P𝑓H𝑥∗ßæa?�B!^�∇𝑓(𝑥∗) = 08 
ÀÁ89;"𝑓H𝑥∗½?�23ÅÆ𝑓(𝑥) = 𝑓(𝑥∗) + Δ𝑥h∇𝑓(𝑥∗)^NHßæa𝑓(𝑥∗)/&^���
Δ𝑥h∇𝑓(𝑥∗) ≥ 08gSΔ𝑥B!B<9æßæE¾ßæ:̂ ÕÖ��𝑓(𝑥∗) = 08 

92: ∀𝑥 ∈ R&, 𝑦 = 𝑓(𝑥) ∈ R �̂𝑥∗SK�/f²P𝑓H𝑥∗ßæaÏ�B! �̂∇𝑓(𝑥∗) = 0P∇)𝑓(𝑥∗)S;
!Fhi8 

ÀÁ89;"𝑓H𝑥∗½Ï�23ÅÆ𝑓(𝑥) = 𝑓(𝑥∗) + (
)
Δ𝑥h∇)𝑓(𝑥∗)Δ𝑥^NHßæa𝑓(𝑥∗)/&^�

��
(
)
Δ𝑥h∇)𝑓(𝑥∗)Δ𝑥 ≥ 0^ÕÖ∇)𝑓(𝑥∗);!F8 

12 ÃÄYf~Aådfktw; 
/op/Yf~Aådfktwe?pgh^IÎUe|¢1i/X¾vqEQ/X¾//f�G8X

|��#åtuBVðp9?�)Ï�j�³��/!C:̂ }~BÖpkl$ w)mÐ}nw6vw

o&gh#( k̂BÖ�â�û�/£%78Rc��í¤w978w*eÏ,Ï/í¤:�X|�tu

Bp^}~no�â23ÅÆ���X¾vq8?�m^X|�?�tuBVðp^}~BÖ¦p_º

w9/p_qw:cI?òÂ/N»vw923?�ÅÆ:�X|�Ï�tuBVðp^}~BÖ¦p7

8wcI?òÂ/N»vw923Ï�ÅÆ:878w/�%íî$[eHessianhi�ª!FEHessian
hi/rµst8��16^N»@Aex]Üë�!vÔdÀX¾vq?FeLC_q/vq���

26^N»@AeÜëÓ78w9p[/hiw¾ºHessianhi/r:8h¿^�Òpºt�_ºwE
78wè(/ªNvweY�vqw^I+KJedÀQ?/X¾�e�{/^�T?@X¾vq�Þ

�/]È9³�Ë�Y�vqw/abÿu� http://hliangzhao.me/math/CG.pdf:8 
 
ß?QYf~Aådfk/twet¥ævw8+KJ^t¥ævweHK�pÏ/^í¤ýv#å^

²*e�â�û�/£%78Rc8 
 
Yf~Aådfke?@rS�%/<î8�Þ�>ï>z«/`.8 

13 U²àë=>Éfw9½U6�f~:; 

�𝑥 ∈ R&^ývLCS𝑓(𝑥)^6�f~S𝑔(𝑥) = 0, ℎ(𝑥) = 0,…8NOmin
3
𝑓(𝑥)8 

91: �?@6�f~;Hr¤,ývLC#åEf~LC#åz$ �̂�_ºK6�ådB®?Oé^

Ï6/_ºz�y�;�∇𝑓 + 𝜆∇𝑔 = 08 
92: ��@6�f~;Hr¤,ývLC#å/_ºe��f~LC#å/_º/åd01; 

∇𝑓 + (𝜆∇𝑔 + 𝜇∇ℎ +⋯) = 0 
93: gh^×4àë=>LC𝐿(𝑥) = 𝑓(𝑥) + 𝜆𝑔(𝑥) + 𝜇ℎ(𝑥) +⋯^Ê� 

Â

∇𝐿(𝑥) = 0
𝑔(𝑥) = 0
ℎ(𝑥) = 0

…

 

�BO²r¤,E𝜆)𝜇6Éf//f¤8 
14 U² KKT�.9B½U�6�f~:; 

�𝑥 ∈ R> ý̂vLCS𝑓(𝑥) 6̂�f~S𝑔%(𝑥) = 0|%'(,…,& �̂6�f~Sℎ*(𝑥) ≤ 0|*'(,…,a N̂Omin3 𝑓(𝑥)8 

91: �6�f~�úEp;àë=>Éfw�B²o8 
92: �6�f~úEpM;(BRHf~Ñ�Ý�^gh�6�f~åpJn¼6�f~w�È8}
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~T*�;Hr¤,ývLC#å/_ºe��f~LC#å/_º/åd018©eóNè�

/e;Hr¤,ývLC#å/_ºijE�6�f~LC#å/_ºvq/åd01zç Õ̂

Ö𝜇* ≥ 0|*'(,…,a8 
BªOS 

⎩
⎪
⎨

⎪
⎧∇𝑓 +6𝜆%∇𝑔%

&

%'(

+6𝜇*∇ℎ*

a

*'(

= 0

ℎ*(𝑥) = 0|*'(,…,a
𝜇* ≥ 0|*'(,…,a

 

93: "�ëÂ)»1¢?ú*�M KKT�.; 

⎩
⎪
⎪
⎨

⎪
⎪
⎧∇𝑓 +6𝜆%∇𝑔%

&

%'(

+6𝜇*∇ℎ*

a

*'(

= 0

𝑔% = 0|%'(,…,&
ℎ* ≤ 0|*'(,…,a
𝜇* ≥ 0|*'(,…,a
ℎ*𝜇* = 0|*'(,…,a

 

/2?@e KKT�v�.8�𝜇* = 0� ℎ̂*��]ÈHàë=>LC¸ ¼̂Á®@�6�f~�

úEp^�ℎ* < 0�M���𝑢* > 0�^ℎ* = 0^¼Áℎ*úEpM^HÑ�Jú/Ep8®@�.
"�ëÂ)»1¢M?ú8 

15 wÓhi�´$/st%�; 
91: hi�´$ephiEq578g45Q@M$Ë�ê45Q@M$/Ñ!C8xyez\Ñ!

/pº�M8 

92: q5→v5;∀𝑥 ∈ RE, ∀𝑦 = 𝑓(𝑥) = 𝑓�𝑥(, … , 𝑥E� ∈ R^
�8
�3
= � �8�3! , … ,

�8
�3:

�
h
∈ RE×(8 

93: v5→q5;∀𝑥 ∈ R, ∀𝑦 = 𝑓(𝑥) ∈ RE^�8
�3
= r�8!

�3
, … , �8"

�3
s ∈ R(×E8 

94: q5→q5;∀𝑥 ∈ RE, ∀𝑦 = 𝑓(𝑥) = 𝑓�𝑥(, … , 𝑥E� ∈ RF^ 

𝜕𝑦
𝜕𝑥

=

⎣
⎢
⎢
⎢
⎢
⎡
𝜕𝑦(
𝜕𝑥(

⋯
𝜕𝑦F
𝜕𝑥(

⋮ ⋱ ⋮
𝜕𝑦(
𝜕𝑥E

⋯
𝜕𝑦F
𝜕𝑥E⎦

⎥
⎥
⎥
⎥
⎤

∈ RE×F 

95: Iww�;∀𝑥 ∈ RE, ∀𝑦 = 𝑓(𝑥) ∈ RF , 𝑧 = 𝑓(𝑥) ∈ RF^�(8=H)
�3

= �8
�3
+ �H

�3
∈ RE×F8 

96: Éww�;∀𝑥 ∈ RE, ∀𝑦 = 𝑓(𝑥) ∈ RF , 𝑧 = 𝑓(𝑥) ∈ RF^�8
;H

�3
= �8

�3
𝑧 + �H

�3
𝑦89𝑝 × 1 = (𝑝 × 𝑞) × (𝑞 × 1): 

97: ∀𝑥 ∈ RE, ∀𝑦 = 𝑓(𝑥) ∈ R�, 𝑧 = 𝑓(𝑥) ∈ RC , 𝐴 ∈ R�×C^�8;$H
�3

= �8
�3
𝐴𝑧 + �H

�3
𝐴h𝑦 ∈ RE×(8 

98: ∀𝑥 ∈ RE, ∀𝑦 = 𝑓(𝑥) ∈ R, 𝑧 = 𝑓(𝑥) ∈ RF^�8H
�3

= 𝑦 �H
�3
+ �8

�3
𝑧h ∈ RE×F8 

99: ∀𝑥 ∈ R, 𝑢 = 𝑢(𝑥) ∈ R�, 𝑔 = 𝑔(𝑢) ∈ RC^�|
�3
= ��

�3
⋅ �|
��
∈ R(×C8 
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910: ∀𝑥 ∈ RE, 𝑢 = 𝑢(𝑥) ∈ R�, 𝑔 = 𝑔(𝑢) ∈ RC^�|
�3
= ��

�3
⋅ �|
��
∈ R�×C8 

911: ∀𝑋 ∈ RE×F , 𝑢 = 𝑢(𝑋) ∈ R�, 𝑔 = 𝑔(𝑢) ∈ R^ �|
�2%9

= ��
�2%9

⋅ �|
��
∈ R8 

912: "ÖJ%�9zå{^X; 

∀𝑥 ∈ RE,
𝜕𝑥
𝜕𝑥

= 𝐼 ∈ RE×E; 

∀𝑥 ∈ RE, ∀𝐴 ∈ RF×E,
𝜕𝐴𝑥
𝜕𝑥

= 𝐴h ∈ RE×F; 

∀𝑥 ∈ RE, ∀𝐴 ∈ RE×F ,
𝜕𝑥h𝐴
𝜕𝑥

= 𝐴 ∈ RE×F8 

913: LogisticLC𝜎(𝑥) = (
(=G1&

;𝜎W(𝑥) = 𝜎(𝑥)�1 − 𝜎(𝑥)�8�æ4S𝑥 = (𝑥(, … , 𝑥&)h�^ 

𝜎W(𝑥) = 𝑑𝑖𝑎𝑔(𝜎(𝑥)⨀(1 − 𝜎(𝑥))) ∈ R&×& 
914: SoftMaxLC9"�@æ4/v5¥¦S?@<=%&$µ:; 

�æ4S𝑥 = (𝑥(, … , 𝑥&)h^æ]𝑧 = (𝑧(, … , 𝑧&)hFGS 

𝑧% = softmax(𝑥%) =
𝑒3%

∑ 𝑒3#&
>'(

 

��w��t?t SoftMaxLC/!CÁ~O²8 
îÈ^ 

𝑧 = softmax(𝑥) =
1

∑ 𝑒3#&
>'(

(𝑒3! , … , 𝑒3")h =
exp(𝑥)
∑ 𝑒3#&
>'(

=
exp(𝑥)	
𝐼&h exp(𝑥)	

∈ R&, 

I¸𝐼& = (1,… ,1)h ∈ R&8ÕÖ 

𝜕𝑧
𝜕𝑥

=
𝜕 � exp(𝑥)	
𝐼&h exp(𝑥)	

�

𝜕𝑥
=
𝜕 �exp(𝑥) ⋅ 1

𝐼&h exp(𝑥)	
�

𝜕𝑥

=
𝜕(exp(𝑥))

𝜕𝑥
⋅

1
𝐼&h exp(𝑥)	

+
𝜕 � 1
𝐼&h exp(𝑥)	

�

𝜕𝑥
⋅ [exp(𝑥)]h

=
𝑑𝑖𝑎𝑔(exp(𝑥))
𝐼&h exp(𝑥)	

− �
1

𝐼&h exp(𝑥)	
�
)

⋅
𝜕(𝐼&h exp(𝑥))

𝜕𝑥
⋅ [exp(𝑥)]h 

/2?�p99:ws8 

|CÚ^��96:̂ �l,"; efg(3)n
�3

= �(efg(3))
�3

⋅ 𝐼& +
�,";

�3
⋅ [exp(𝑥)]h = 𝑑𝑖𝑎𝑔(exp(𝑥))𝐼& = exp(𝑥)8 

ÕÖ^Ê�= 𝑑𝑖𝑎𝑔 r efg(3)
,"; efg(3)	

s − efg(3)
,"; efg(3)	

⋅ [efg(3)]
;

,"; efg(3)	
= 

𝑑𝑖𝑎𝑔�softmax(𝑥)� − softmax(𝑥) ⋅ [softmax(𝑥)]h 
16 «CmH/�Ge}~� 
91: w��¡³�/pº±}LLC^¡¨��³�ªÛ/oü8«C!j�úwEq5?*^©å

pJåCæ/e±^H+KJ³C�åC89zWè_^q5/Éwst,´)û´KåCÉw

%�zT8:«CHõtJ~båC^�IúÉÇÉvÆ�vÝ�C6st8 
92: ª,ËU«CÉw;�𝑧( = 𝑎 + 𝑏𝑖^GºS|𝑧(|^�jSarg	(𝑧()��𝑧) = 𝑐 + 𝑑𝑖^GºS|𝑧)|^�
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jSarg	(𝑧))8�𝑧( ∗ 𝑧)/GºS|𝑧(| ∗ |𝑧)|^�jSarg(𝑧() + arg(𝑧))8©j^«C/Éwe�'
(/?ë4¿8�𝑧) = 𝑖�^IEp�w𝑧(r�ô�ñ90∘9o2gfS 1^jºH%90∘:8 

17 U²�àÎ�𝑒%t = 𝑐𝑜𝑠𝜃 + 𝑖 ⋅ 𝑠𝑖𝑛𝜃; 
91: ÃÄÀÁE­À�àÎ�/vw8ðp𝑒3/ÒëFGv�; 

𝑒3 = lim
&→4

r1 +
𝑥
𝑛
s
&

𝑒3 = 1 + 𝑥 +
1
2!
𝑥) +

1
3!
𝑥[ +⋯

𝑒3 =
𝑑
𝑑𝑥 𝑒

3

 

»�ÿ!8 
92: ���àÎ�BÛ𝑒%te«yÇJGºS 1)�jS𝜃/«C 𝑒̂%t/��0MM«yÇJ/9:L8

��«CBL>�àÎ�74S𝑧 = 𝑎 + 𝑏𝑖 = 𝑟𝑒%t^P|𝑧| = 𝑟^arg(𝑧) = 𝜃8 
�𝑧( = 𝑟(𝑒%t!^𝑧) = 𝑟)𝑒%t$^� 

𝑧( ∗ 𝑧) = 𝑟(𝑟)𝑒%(t!=t$)
𝑧(
𝑧)
=
𝑟(
𝑟)
𝑒%(t!5t$)

𝑎% = 𝑒% YZ 7

 

òCûÉ9Ç:)\CzI9ú:̂ ®ëstv�³C�åC^�Þ®çe«C/¨»)°8 
93: �𝜃 = 𝜋�^ 

𝑒%{ + 1 = 0 
®@Î�¸]ÈMùÐ)9:Ð)/=+/�C𝑖^Öc�@/op/êjC𝜋E𝑒8®*e“J�
/Î�”8 

18 U²ìGj�CEì�j4¿; 

91: EES?ëÐ^Ibc>Ü@0ME/��9𝑎&:EV&9
&
){
:oF8E/c=È�*e 

𝑓(𝑥) =6𝑎& sin(𝑛𝑥)
&

 

92: �𝑓(𝑥)eW¶dLCPW¶S𝑇^��ìGj�C/�Ò�.^�𝑓(𝑥)B>E 

𝑓(𝑥) =
𝑎<
2
+6�𝑎& cos

2𝜋𝑛𝑥
𝑇

+ 𝑏& sin
2𝜋𝑛𝑥
𝑇 �

4

&'(

 

I¸ 

⎩
⎪
⎨

⎪
⎧𝑎& =

2
𝑇
[ 𝑓(𝑥) ⋅ cos

2𝜋𝑛𝑥
𝑇

𝑑𝑥
35=s

35

𝑏& =
2
𝑇
[ 𝑓(𝑥) ⋅ sin

2𝜋𝑛𝑥
𝑇

𝑑𝑥
35=s

35

 

93: ìGj�C/+Ke"��W¶LC9#å:LSYC�ñ/áI8 
ìGj�CBLSLWs)/01;�yÖsLWs)/,S�/LWs)/LU[WsLWs

)8®ß//C��*���+W¶LC Ï̂Ý�T/,E�T/;Ä*eH���T/W¶L

C8�yHI/𝑥XT�(?*¯�¬&8 
94: ìGj�C74�/ÿ!�ê��íî“��W¶LCeêB>MÒjLCèE”/O² Î̂U8

9X_; 
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𝑓(𝑥) = 𝐶eoLC^keW¶LC →N�oCû�
sin 𝑥E cos 𝑥�N�^dÀÍYd�

óN sin
2𝜋𝑛𝑥
𝑇
E sin

2𝜋𝑛𝑥
𝑇
^dÀ𝑇?FeIW¶�

n¼Iú}ü��8

 

ÿê�ÿ!8h¿^���àÎ�B�cos 𝜃 = G%<5G1%<

)
^sin 𝜃 = G%<=G1%<

)
^¾4B� 

𝑓(𝑥) = 6 �𝑐& ⋅ 𝑒
%){&3s �

4

&'54

 

I¸𝑐& =
(
s ∫ 𝑓(𝑥) ⋅ 𝑒5%

$="&
4 𝑑𝑥35=s

35
8 

n¼×4�àÎ���»4M«yÇ8®h���BÖH�æJz\��/�(Es)�¢/W

¶#å�HV&Jz\LWs)/V&8ì�j�C+KJeåd$5/áI^Ù𝑒%
$="&
4 Ú |∀&!e

Y�pq5'(¸/?09:!{=9Bn¼ÒjLC/,´Sù­À:̂ ¨𝑐&e=𝑒
%$="&4 J/ò

C8Q?@=ç¥/es�TLWs)/�ñV&8åpJ^òC𝑎&E𝑏&ÊBn¼H!{=J/
aã�¢8 

95: }~eVæ§�Iå*eW¶LC𝑓(𝑥)H�TV&J/=/��8ÖvÐtv 

𝑓(𝑥) = Û2,			2𝑘𝜋 ≤ 𝑥 ≤ (2𝑘 + 1)𝜋
0,			(2𝑘 − 1)𝜋 ≤ 𝑥 ≤ 2𝑘𝜋 

Sd^pìGj�C 

1 +
4
𝜋
sin 𝑥 + 0 ⋅ sin 2𝑥 +

4
3𝜋

sin 3𝑥 + 0 ⋅ sin 4𝑥 +
4
5𝜋

sin 5𝑥 

w��^}~={1, sin 𝑥 , … , sin 5𝑥}J/òCq5SÙ1, \
{
, 0, \

[{
, 0, \

]{
Ú
h
8H𝑥ZJ𝑥 = 0,… ,5/:7

ÖòCq5�«/ÐÅS�º�[�å �̂B�¢�«/Væ§8¡�æ¢Væ/¼{*eì�

j4¿^+Ke=¯/$¿8 
96: ¼BÖpìGj�C±����AW¶LC8Xà���6𝑇 → ∞³𝑇�%^V&�&^V#/

�$�¹D8�𝑇 → ∞�^=Þ��»@V�^Væ§JÜ@�å//�,"ÞÊOM?�VW
/#å8 

 
 

4 567&*89'$ 
1 U²åd¾C¸/=+%7; 
91: 9FG:Tpº/q5𝑣E𝑤/�M9span:eD1{𝑎𝑣 + 𝑏𝑤|𝑎, 𝑏 ∈ 𝑅}9�n¼q5IwKq5

CÉ^��R�¢/)Õ�/q5/D1:8 
92: 9FG:��q5'(𝑉¸/?0q5{𝑣(, 𝑣), … , 𝑣&}^Ô�eådzË/ iffmHAÄSù/ÐÅ

𝑎(, 𝑎), … , 𝑎& ∈ R�� 
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6𝑎%𝑣%
%

= 0 

Ô�eådYË/ iff�mH��®*�./{𝑎%}%'(,),…,&9�𝑎% ≡ 0:8 
93: 9FG:q5'(/?0=e�M+'(/?@ådYË/q5D9z��Bº¾:8=/@C

*e'(/pC8��𝑛påd'(𝑉^ 

Â𝑣% = à 0,… ,1, … ,0áââãââä
!"%#$%& (

å

h

æ

%'(,…,&

 

e?09:!{=9Ë�!{/%7^2ÇÞð4$F:8 
94: U²åd4¿9linear transformation:; 

Õ�bådê e\; 
- ��'(¸/Bå^4¿2²«�eBå� 
- Bå/Wdd��4� 
- '(/Ê,iåd�·F8 
��J?)Ï,©e���JÒ,/ Îåe�¦4¿9affine transformation:̂ �åd4¿ + 
yu8BÖH�pºn¼åd4¿åÈ�pº/�¦4¿8 
 

+KJ^åd4¿ed�Tëåy�P6�$µ/4¿8 
 
êë�GJ^�?@4¿𝐿��BId 

𝐿(𝑢 + 𝑣) = 𝐿(𝑢) + 𝐿(𝑣) 
EMWd9?��/: 

𝐿(𝑐𝑣) = 𝑐𝐿(𝑣), ∀𝑐 ∈ 𝑅 
�R𝐿eåd/8åd4¿��BÖEp�q59�j^®Ýo���XàFGbq5e:^k
BÖEpHLCJ8dX^O!stke?ëåd4¿^®*eO!Î�¸BIdEMWd/>

w; 
𝜕(𝑓 + 𝑔)

𝜕𝑥
=
𝜕𝑓
𝜕𝑥

+
𝜕𝑔
𝜕𝑥

 

𝜕(𝛼𝑓)
𝜕𝑥

= 𝛼
𝜕𝑓
𝜕𝑥

 

gh^��/VÀ®ëZ���]w^¨����?�/)�8���/TnB±M²åd'(

9akaq5'(:)º5'()¸@'(Öca´'(8 
95: }~íîwM^XàpC¤±xyåd4¿� 

��(óËè�/=/:7Xàxy�B^̈ =1ÇCÉ/òCH4¿12�Þlm4¿8��

ÂÃ_^�/=S𝑖E𝑗^���4¿1/q5[𝑥, 𝑦]s^� 

�
𝑥
𝑦� = 𝑥𝑖 + 𝑦𝑗 → 𝑥𝑖W + 𝑦𝑗W = �

𝑥𝑖(W + 𝑦𝑗(W

𝑥𝑖)W + 𝑦𝑗)W
� = �

𝑖(W 𝑗(W

𝑖)W 𝑗)W
� �
𝑥
𝑦� = [𝑖W, 𝑗W] �

𝑥
𝑦� 

gh^��lÈ^BÖphiwå�åd4¿8?@hiE?@åd4¿ªe??�«^Phi

/Q?Â�e4¿2/åd'(/?0b=e9J×vegSh½ÝÞ𝑖W, 𝑗WådzË:8JÇ/®
@�fk×Ø]Mhi-q5Éw/FG8è� ®̂G/�=Iå²jep�/�v�ò9�=:

wxy/8 
96: åd4¿ES?@LC^n¼hiwåÈBÖ>E𝐴(𝑥)^åd4¿/«1BÖ>E𝐵�𝐴(𝑥)�^±
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B®�÷v *̂BÖ�¢hiÉw/st �̂«14¿8?�m �̂-�𝐴 = [𝑎(, 𝑎)] 𝐵̂ = [𝑏(, 𝑏)] =

�𝑏(( 𝑏)(
𝑏() 𝑏))

�^� 

𝐵𝐴 = [𝐵𝑎(	𝐵𝑎)]9$[EpH�@=q5J: 

histrk­MMhi-Éwst8��*®*�¢MhiÉw/õtv�8 
8[«14¿/)M^��BÖaböÀÁhiÉw��O1�;(𝐴𝐵)𝐶 = 𝐴(𝐵𝐶)^©���{
¿�𝐴𝐵 ≠ 𝐵𝐴8 

97: åd4¿12'(a��#æ/o2Wd��Â�9determinant:8HÏpåd'(J®�«Ú
9:Ç´/o2^HÒpåd'(J®�«Ú9:�´/o28 
- X|?@hi/�Â�Sù^�¼Á+åd4¿!ºM'(/�o9�/åd'(/pº&
��/åd'(/pº:̂ ®Hhi/Âq59��=:ådzË/��lm8h���R+

hiSÍD/� 
- X|?@hi/�Â�S<^�¼Á+åd4¿N4M'(/Fq9orientation:8 
 
ªO?_; 

det(𝐴) = |𝐴|

⎩
⎪⎪
⎨

⎪⎪
⎧ > 1;�§)�2%Ep	

= 1;§)%&�4
0 < |𝐴| < 1;�§)�o&Ep

= 0;'(�o^�Br9“�Æs�”:
< 0;N4æ¾�%�

 

gS�/åd4¿o2/Wdè´E?/«14¿/o2Wdz6^ÕÖ©j� 
det(𝐴) det(𝐵) = det(𝐴𝐵) 

Qsm^¼�X_dK; 
det(𝐴) = det(𝐴h) 
det(𝑐𝐴) = 𝑐& det(𝐴) 

 
X|?@viE�jizs9�B�jk)B��Z�¤$²:^}~𝐴/�Â�6�Õ�Z�
¤/´^2ÇÞU¢®?,8 

98: ¡åd4¿/jº]lU²ådv{0𝐴𝑥 = 𝑏;𝑥/O²A¥�åd4¿𝐴�'(/'�8 
- �|𝐴| ≠ 0�^'(��lm�o^�®@åd4¿eBr/8��ªBÖn¼�𝑏å�b𝐴/
r4¿ew�¢𝑥8®Gk×Ø]Måd4¿/r9rhi:/FG; 

𝐴/re��Ö_dK/C?4¿;𝐴5(𝐴 = 𝐼8 
I¸𝐼eb}~��se/4¿8 

- �|𝐴| = 0�^'(lm�o^h�^��Ywn¼?@åd4¿Ì4¿¬±8¡�ü o/
jºwU²^H���à¡¿tut4/ÂÃ_^Yw"?@,�?�åb² oeS?@

yÇ^gS�$tuïLr¢ýM8 
 
Xàxy'(eêlmM�o���óN?ë£�Håd4¿èJ/%7 ç̂óN74]L¼å

d4¿2^�'(/pº8®*e¤9rank:8 
 
"𝑥�M�'(/��ªÛq5 �̂Õ�𝐴𝑥/Ý¤0MM?@�/åd'( �̂�RèSb𝐴/Â
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'(9column space:ê ÓS𝑟𝑎𝑛𝑔𝑒(𝐴)8®egS𝐴/Q?Â*e�'(/b=e9J×vegS
h½ÝÞ�=ådzË:8gh^𝐴/¤6�𝐴/Â'(/pC8�¤6��=/@C�^��R
èSb�¤ê ��=ådYË8 

 
è�^ùq5?FHÂ'(a^®egSåd'(ijöÅÊ,^¨åd4¿�ÞN4Ê,8�

¼^ÇMùq5^BR¼ÞmH?�q5HL¼åd4¿𝐴è2kMSMùq5^��"Õ�/
®�q524D1b𝐴/ù'(ea; 

𝑛𝑢𝑙𝑙(𝐴) = {𝑥 ∈ 𝑉|𝐴𝑥 = 0} 
𝑛𝑢𝑙𝑙(𝐴)ÀRSb𝐴/Î9kernel:e8𝑛𝑢𝑙𝑙(𝐴)/¤BÖ%� 08dX^�?�BåJ/Õ�,L¼
åd4¿2r o�Ê,^}~𝑟𝑎𝑛𝑘�𝑛𝑢𝑙𝑙(𝐴)� = 18ÇMù'(^L¼åd4¿𝐴2/,Õ0M
/D1rRSb𝐴/¬'(e; 

𝑅(𝐴) = {𝑦|𝑦 = 𝐴𝑥, 𝑥 ∈ 𝑉} 
����𝐴 ∈ Ra×&^ª�; 

dim�𝑅(𝐴)� + dim�𝑛𝑢𝑙𝑙(𝐴)� = 𝑛 
ghBÖ�¢Ä'(R&/!{$²;����𝐴 ∈ Ra×&^� 

R& = 𝑛𝑢𝑙𝑙(𝐴)⊕ 𝑅(𝐴h),			𝑥 ⊥ 𝑦,			∀𝑥 ∈ 𝑛𝑢𝑙𝑙(𝐴), 𝑦 ∈ 𝑅(𝐴h) 
 
XàU²hi/ñ7�ïÛ𝐴 ∈ Ra×&: 𝑉 → 𝑈/Q?Â𝐴:,*e𝐴�«/åd4¿/�=H�/åd
'(𝑉/�v^Q?�𝐴%,:IåeHÖ�=S�v�ò)�=H�/åd'(𝑈/�v^��=H
�=J/aã8 
 
����hi𝐴^�¤=Â¤8®egS 

𝑛 = 𝑟𝑎𝑛𝑘�𝑟𝑎𝑛𝑔𝑒(𝐴)� + 𝑟𝑎𝑛𝑘�𝑛𝑢𝑙𝑙(𝐴)� = 𝑟𝑎𝑛𝑘�𝑟𝑎𝑛𝑔𝑒(𝐴h)� + 𝑟𝑎𝑛𝑘�𝑛𝑢𝑙𝑙(𝐴)� 
 
h¿¼�𝑟𝑎𝑛𝑘(𝐴) ≤ min{𝑚, 𝑛}8 

99: q5𝑎, 𝑏 ∈ R&/,´stv�S𝑎 ⋅ 𝑏 = 𝑎h𝑏 = ∑ 𝑎%𝑏%&
%'( 8 

 
¡�p'(¢?p'(/åd4¿óN?@1 × 𝑛/hiwåÈ8��?@½�𝑛påd'(/q
5𝑏^�L¼åd4¿𝐴 ∈ R(×&�^�¢/*eIH�'(9?p'(^�CZ:J/�v8®I
å*ebaãe¥¥"𝑛pq5𝑏aã¢CZJ/��q5J8gS𝐴𝑏 = ∑ 𝐴(%𝑏%&

%'( ^®*eq5

,´/FG^ÕÖ��*"aãEq5,´£�úMËÊ¥¥ 
 

𝑎 ⋅ 𝑏Iåe𝑎H𝑏J/aã/Gº)𝑏/GºKuv/É´8 
�𝑎H𝑏J/aãE𝑏vqzT�^É´S!^ê�S<8 

𝑎 ⋅ 𝑏 = 𝑏 ⋅ 𝑎^�-q-aãeYÕ�/8 
 
¡�Yd/jºwU²; 

?@q5/�Ye>ÔÕFG/åd4¿� 
?@�p'(¢?p'(/�Ye�p'(¸/£@ZFq58 

910: îÈÉ]q5ûÉ/FG;��Òp'(¸/q5𝑣E𝑤^𝑣 × 𝑤²je?@Òpq5^�-ÓS
𝑝8𝑝/GºS𝑣E𝑤Õ0M/y�ÓÑ)/Ç´ 𝑝̂/vq>¾�F�"F9𝑣�«¦\ 𝑤̂�«¸
\^𝑝�«§\:8õtÎ�S 



 31 

𝑝 = B
𝑣(
𝑣)
𝑣[
D × B

𝑤(
𝑤)
𝑤[
D = det îB

𝑖 𝑣( 𝑤(
𝑗 𝑣) 𝑤)
𝑘 𝑣[ 𝑤[

Dï
'()*+,-
ð⎯⎯⎯⎯⎯⎯⎯⎯⎯ò ó

𝑣) 𝑤)
𝑣[ 𝑤[ó 𝑖 − ó

𝑣( 𝑤(
𝑣[ 𝑤[ó 𝑗 + ó

𝑣( 𝑤(
𝑣) 𝑤)ó 𝑘 

I¸𝑖, 𝑗, 𝑘SÒp'(/=q58 
 
Xà¡åd4¿/jºU²û´� 
��ÉF/Òp'(¸/q5𝑣E𝑤^�-FGX_LC𝑓: R[ → R; 

𝑓 �l
𝑥
𝑦
𝑧
m� = det îB

𝑥 𝑣( 𝑤(
𝑦 𝑣) 𝑤)
𝑧 𝑣[ 𝑤[

Dï 

+LC/üà�Ge;æ]eæ4E𝑣,𝑤0M/y�¨Ç�/�q�´8 
U²?;���Â�/dK9¾C¹f�/õt%�:BÛ ®̂e?@åd4¿9ÀÁbBIde

EbMWde:8gh^ijmH?@1 × 3/hi𝑃¾7®@4¿^��J99:,xc/�Yd^
B"b𝑃¾7/4¿�[𝑥, 𝑦, 𝑧]s /EpeU²Sbq5𝑝 = 𝑃sK[𝑥, 𝑦, 𝑧]s/,´e8¾ºJ�/¾
ÑB�¢ 

Ç
𝑝( = 𝑣)𝑤[ − 𝑣[𝑤)
𝑝) = 𝑣[𝑤( − 𝑣(𝑤[
𝑝[ = 𝑣(𝑤) − 𝑣)𝑤(

 

ÕÖq5𝑝 = (𝑣)𝑤[ − 𝑣[𝑤))𝑖 + (𝑣[𝑤( − 𝑣(𝑤[)𝑗 + (𝑣(𝑤) − 𝑣)𝑤()𝑘8 
 
U²Ï;Xàõt[𝑥, 𝑦, 𝑧]h, 𝑣, 𝑤0M/y�¨Ç�/�q�´�&nCn©ª��b¯Ç´É�e
¥¥�-Ö𝑣,𝑤0M/yÇS¯^IÇ´S𝑣,𝑤0M/y�ÓÑ)/Ç´^¨�dB�+¯Ç^
PGºS[𝑥, 𝑦, 𝑧]sH+�J/aã8 
gh^LC𝑓/üà�G«�noxyS;����ÉF/Òpq5[𝑥, 𝑦, 𝑧]h^"Iaã¢K𝑣,𝑤
0M/yÇdB/BåJ^DP"aãGºK𝑣,𝑤0M/y�ÓÑ)/Ç´zÉ8 
 
©e ®̂EdB�𝑣,𝑤0M/yÇ)PGºSK𝑣,𝑤0M/y�ÓÑ)/Ç´/q5K[𝑥, 𝑦, 𝑧]h,
Ée?¬-9�bU²?eEbU²Ïe«¬T­:³"[𝑖, 𝑗, 𝑘].4[𝑥, 𝑦, 𝑧]hBlÈbU²?e¸
O�/𝑝En¼ûÉFG�¢/𝑝e?¬-^®*7Án¼ûÉ�¢/𝑝?ObU²Ïe¸/üà
�G8 
 
JyabÍyMûÉ/õt¼{KIüàBzeXàËÊ/8 

2 U²zshi9𝐵 = 𝑃5(𝐴𝑃:; 
91: zsd(FGHviJ8 
92: åd4¿en¼\F=_/hiw74/^zshi�eäH�Tjº9ß?0=:z\T?@

åd4¿8­zmH/?@,^�gS��/z^jºlmM4k¨4k^©eÞ��T/�v

¤8 
��𝑃5(𝐴𝑃𝑥^�-��1/åd'(¾7M®/Lj^𝑥e�1'(�v�ò_/?@,^𝑃®
@åd4¿¾7M¯/Lj �̂𝑃𝑥îÈ"𝑥2¢¯/Lj_9�H¯/�v�ò_78:̂ j2H
¯J�+,��£@4¿^/2Ìn¼𝑃5(¬¢��/Lj_8X|mH?@𝐵 = 𝑃5(𝐴𝑃^�𝐵𝑥
*eBCH��/Lj_�+,��T?@4¿8�°Á*^EpH+,J/4¿e?*/8 

93: S}~��ËUzshi�zshi/+Ke�v4¿9$¿z^jº:̂ ÕÖ��BÖ�âz

sd"?@hi$¿¢³�9/74v�JwU²8Á*/74t�9Ô��ji³®*e�j
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k8H®ë89/×!_^HmMZ�¤$²89Ö_�,±cZ�¤KZ�q5^£²È³©

Ò-3: 
94: (N�@hizs^Ô�/�Â�*zT8®?,p|𝐵| = |𝑃5(| ⋅ |𝐴| ⋅ |𝑃|abö�¢8�Â�e

zshiè(/zs�458X|E�jizs9�B�jk)B��Z�¤$²:̂ }~𝐴/�
Â�*W$böõt *̂eÕ�Z�¤/´8®egS�ji*e9´mÀÜ@pºàµ\FC

¤/4¿^o2/Wdgf©j6�Üpºàµè´8gS�ji�±c�ñ4¿^ghåpJ

Q@�=q5���N4vq^��eGº�Õo2^®u1Z�q5/FG^ÕÖ�ji/A

ùÐÅ*e+hi/�ÕZ�¤8 
gh^�hi𝐴B�jk^�|𝐴|*6�𝐴Õ�Z�¤/É´; 

det(𝐴) =E𝜆%

&

%'(

 

95: zshi?�¨ÄzT/Z�¤EZ�q58®egS|𝐵 − 𝜆𝐼| = |𝑃5(𝐴𝑃 − 𝑃5(𝜆𝐼𝑃| = |𝐴 − 𝜆𝐼|8 
3 U²Z�¤EZ�q5; 
91: z\𝐴𝑥 = 𝜆𝑥^BlÈ��¬§Y|/eL¼åd4¿𝐴è2^HvqJd��49B&�t:)

��eGº�Õo2/q5𝑥Öco2/Wd𝜆8¿¶<¼ Ẑ�q5𝑥eL¼åd4¿𝐴2²jï
HÔÕ�M/åd'(¸/q58 

92: "q5�Måd'(¸/?@,^}~æÉhiBÖ�Me9n¼'�'(:�,�I/?ës
)9h,lm:u:8Z�¤ç¥Ms)/pº^¨Z�q5�ç¥Ms)/vq8åd4¿e

Ü@vqJ�Tpº/s)/áI8¡®@U²]l^��q5𝑥^�yæÉ𝐴^BlÈ𝑥Þ�y
·1¢𝐴/%Z�¤�«/Z�'(J8åpJ^®!eZ�q5/?ëX¾Ow8¡®@U²
]l k̂ÞÁ¸S}~zshi?�¨ÄzT/Z�¤EZ�q59gS­zmH/s)vqE

pº�Þ2Úz^jº/4k¨4k:8 
93: Z�'(e"T?@Z�¤Õ�«/?@9�C@:Z�q5LS=^Õ�M/'(8Z�'(

¸=/@CK�«/Z�¤ª�/@Cz68 
94: S}~�vi𝐴BÖp|𝐴 − 𝜆𝐼| = 0wO²IZ�¤EZ�q5� 

OÀ89;��Z�¤EZ�q5/FG^�𝐴𝑥 = 𝜆𝑥�M�^�(𝐴 − 𝜆𝐼)𝑥 = 08®e?@åd
v{0^�ÙÚ"��q5a¦¢ù'(a^}~𝐴 − 𝜆𝐼ES?@åd4¿Õ�«/µogfi
å�S 0^��Â�S 08 
��Ï�vi^�?ë³`p/õtxy8ÍyX_; 

�𝐴 = �𝑎 𝑏
𝑐 𝑑� �̂

(
)
tr(𝐴) = B!=B$	

)
≜ 𝑚 ®̂egShi/�ezshiè(/zs�459ì/2

?�:�h¿^|𝐴| = 𝑎𝑑 − 𝑏𝑐 = 𝜆(𝜆) ≜ 𝑝^®egSZ�¤xyMtfHZFvqJ�'(»�
àµ/{º^¨�Â��ç¥]Mtf"Ç¹»�»�àµ/{º8Ê�®�@Î�^BÖBC

�¢𝜆(, 𝜆) = 𝑚 ±�𝑚) − 𝑝8 

4 U²Z�¤$²; 
91: Z�¤$²Iå*e�jk8∀𝐴 ∈ R&×& 𝐴̂B�jk9𝐴 = 𝑃𝐷𝑃5(:�P��𝐴�𝑛@ådYË/

Z�q58I¸𝑃 = (𝑝(, … , 𝑝&)e𝑛@Z�q50M/hi^𝐷 = 𝑑𝑖𝑎𝑔(𝜆(, … , 𝜆&)e>Z�¤0M
/�ji8 
ÀÁ89;> 𝐴𝑝% = 𝜆%𝑝%|%'(,…,& B� 𝐴𝑃 = 𝐴(𝑝(, … , 𝑝&) = (𝐴𝑝(, … , 𝐴𝑝&) = (𝜆(𝑝(, … , 𝜆&𝑝&) =
(𝑝(, … , 𝑝&)𝐷 = 𝑃𝐷^�{𝑝(, … , 𝑝&}ådYË�𝑃Br^¡¨�𝐴 = 𝑃𝐷𝑃5(8 
®@Oé*eZ�¤$²8 
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92: dK;𝐴> = 𝑃𝐷>𝑃5(	8®@dKÌ?/­ÀM�yæÉ𝐴 𝑥̂Þ�y·1¢/%Z�¤�«/Z�
'(J8gSZ�¤º\CHG^a&/Z�¤"ÞAo&^z«/s)ü BÖ»A�õ�¨

/%/Z�¤"ÞAo%^�«/“�ps)”"Á©Ã�í!m:8 
93: S}~��ËU�Rhi9𝐴 = 𝐴h:�gS�RiH��Z�¤$²�?OÞ�f¼/dK^ö

÷; 
�Ri�𝑛@åZ�¤9ö÷ª�:� 
�Ri/Ü@Z�'(��!{� 

�RiQ@Z�¤/ª�/Ce+Z�¤�«/Z�'(¸ådYË/=¯/@C� 
�RiBÖ!{�jk9!{/%75ìÒ-8:8 

I¸JÏ,/ÀÁ89; 
gS𝜆%𝑝% ⋅ 𝑝* = (𝜆%𝑝%)h𝑝* = (𝐴𝑝%)h𝑝* = �𝑝%h𝐴h�𝑝* = 𝑝%h�𝐴h𝑝*� = 𝑝%h�𝜆*𝑝*� = 𝜆*𝑝% ⋅ 𝑝*P𝜆% ≠ 𝜆*^
B�𝑝% ⋅ 𝑝* = 0 → 𝑝% ⊥ 𝑝*89𝜆% ≠ 𝜆*egS��[½/eZ�'( ª̂�/wêT?@Z�'(: 
 
Õ�!{�jke;∀𝐴 ∈ R&×&^𝐴B!{�jk�P��mH!{i𝑃E�ji𝐷h�𝐴 =
𝑃𝐷𝑃5( = 𝑃𝐷𝑃h8H®ëÂÃ_^𝑃E𝑃5(ES!{i�«/evqzç/�ñ4¿^¨𝐷�«/
�eµo4¿8©j^�ñ4¿Iå*e$¿Mz^jº¨ï^��³ËUµo4¿8gh!{

�jkBp�“%@kÏ/^”^z��Àhi“¾!”8��2Ç¼ÞU¢®?,8 
94: �Ri�?FBr8 
95: vi𝐴BÖ!{�jk�P��𝐴e�Ri8 
96: ���RiB!{�jk®?dK B̂�¢�$²FU9Q@$5𝜆%𝑢%𝑢%he𝐴/?@ spectrum:; 

𝐴 = 𝜆(𝑢(𝑢(h +⋯+ 𝜆&𝑢&𝑢&h 
ÀÁ89;6𝐷 = 𝑑𝑖𝑎𝑔(𝜆(, … , 𝜆&)^𝑃 = (𝑢(, … , 𝑢&)^�𝐷𝑃h = (𝜆(𝑢(h, … , 𝜆&𝑢&h)h8ÕÖ𝑃𝐷𝑃h =
(𝑢(, … , 𝑢&)(𝜆(𝑢(h, … , 𝜆&𝑢&h)h = ∑ 𝑢%𝜆%𝑢%h&

%'( 9�M�q5EÂq5/Éw:8 
Q@$5IåÓ¿M?�$tu8X|"$5­öq?ÁÂ �̂ÀAÁ:/?@��@$5*å

ÈMtu/ o891 20%/$5BRÃ�M 90%/�{tu: 
97: ��Z�¤$²/��; 

Step 1;��|𝐴 − 𝜆𝐼| = 0|¢Õ�Z�¤� 
Step 2;��Q@Z�¤𝜆^��𝐴𝑥 = 𝜆𝑥|¢I�«/9?@��@:Z�q59Z�¤ª�/
@C6��«/Z�'(¸Z�q5/@C:� 
Step 3;"Z�¤­öq?ÁÂ0M𝐷8�«m^ÁÂZ�q50M𝑃E𝑃h8 

5 ∀𝐴 ∈ Ra×&^UéJ^XàO²ådv{0𝐴𝑥 = 𝑏� 

" 𝐴>E [𝑎(, … , 𝑎&]^� 𝐴𝑥 = ∑ 𝑥%𝑎%&
%'( 	eÖ {𝑎(, … , 𝑎&}S=/åd018�𝑏 ∈ 𝑟𝑎𝑛𝑔𝑒(𝐴)� ∃𝑥h�

∑ 𝑥%𝑎%&
%'( = 𝑏8�{𝑎(, … , 𝑎&}ådYË^�𝑏(�?ë78vw^ê��YCë8®*�«ÚÊv{0�
C?²9𝑟𝑎𝑛𝑘(𝐴) = 𝑛:E�Y�²9𝑟𝑎𝑛𝑘(𝐴) = 𝑟𝑎𝑛𝑘(𝐴, 𝑏):8ghBªOX_; 

91: �𝐴SAÍDi^�𝑥 = 𝐴5(𝑏8��Nà�w�BÛ𝑥% =
|$%|
|$|
8 

92: �𝐴SÍDiP𝑏 ∈ 𝑟𝑎𝑛𝑔𝑒(𝐴)^�𝐴𝑥 = 𝑏�Y�²8 
93: �𝐴SÍDiP𝑏 ∉ 𝑟𝑎𝑛𝑔𝑒(𝐴)^�𝐴𝑥 = 𝑏Y²8 
I¸^?@hieÍD/�P��Ô���?@Z�¤Sù8 
 
Be^Nà�w�eÁ*�¢/�_ÇÉ]M?@��/üàn²±; 
îÈ8[X_6½4¿; 
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1 ⋅ 𝑦 = det ��1 𝑥
0 𝑦�� , 1 ⋅ 𝑥 = det ��𝑥 0

𝑦 1�� 

Jy�@6�/æ¾$[e�T?@y�ÓÑ)/�qÇ´/�Tõtvw8eÅ¢𝑛påd'(^� 
𝑥% = det(𝑋) 

I¸𝑋:,*M%	 = à 0,… ,1, … ,0áââãââä
!"%#$%& (

å

h

^𝑋:,% = [𝑥(, … , 𝑥&]h8 

��q5𝑥 = [𝑥(, … , 𝑥&]h^t�L¼£@4¿𝐴^𝑥4MM𝑏^JÇ/6½4¿ÞÁ*� 
îÈ^6�æÑ/𝑥%ro2M|𝐴|Â^¨6�¾Ñ/det	(𝑋)4MMdet(𝑋W)^I¸𝑋:,*M%	W = 𝐴:,*M%^®egS

=¡�/4MMø𝐴:,*ù*'(,…,&^¨𝑋:,%
W = [𝑏(, … , 𝑏&]h^4)�B�¢𝑥% =

|$%|
|$|
9®G𝐴%E𝑋′e?¬-:8 

6 Xàwõt3O²ådv{0𝐴𝑥 = 𝑏� 
A�Nà�w�õt𝑥/«ÃºS𝑂(𝑛\)^µÄ³�e*HmM�kÅ±w—— 
91: X|𝐴e_Òjhi^�𝑥Aoböõt8gS 

𝑥% =
𝑏% − ∑ 𝑎%*𝑥*%5(

*'(

𝑎%%
 

A/O²𝑥(, 𝑥), … , 𝑥&�B^®*e1qtw8®@¼{NO𝑎%% ≠ 0|∀%^«ÃºS𝑂(𝑛))8 
92: X|𝐴eJÒjhi^��2qtw 

𝑥% =
𝑏% −∑ 𝑎%*𝑥*&

*'%=(

𝑎%%
 

93: Xà"��hi𝐴ñ¿SJ/_Òjhi�n¼Æ64¿—— 
Qå�?/Æ64¿^z��æÉ?@�«/Æ6hi8Æ6hieBr/^(ó­özç/Æ

64¿4¿¬w�B8>hBÖ�¢hiBr/6½FG; 
��vi𝐴Br	↔	E9:hi𝐼Æ6�4¿6½8 

DP;(𝐴|𝐼) ≈ (𝐼|𝐴5()^®*eÆ64¿wOhi/r8 
94: ���YCëÏÑBÖ"𝐴n¼Æ64¿ñ¿SJÒjhi8�kÅ±w�e·FM?@{�; 

J𝑖Ç�kÅ±e"¡J𝑖 + 1�¢/2?�/J𝑖@ÐÅA/n¼EJ𝑖�W½ÅS 08 
Jy{�BÖ"𝐴ñ¿M_ÒjhiEJÒjhi/É´^ÿê�­À8®*e LU $²8>h
�𝐿𝑈𝑥 = 𝑏 Î¸𝐿S_Òjhi 𝑈̂SJÒjhi �̂È2hp1qtwE2qtw�B�¢𝑥8 

7 Xàn¼X¾O²ådv{0𝐴𝑥 = 𝑏� 

91: ��%%ÈÉÊhi¨ë^³V/O²@AeX¾8gS𝑥% =
�%5∑ 7%9399>%

7%%
^ÕÖBÖ�¢ 

JacobiX¾vw;𝑥%
(>=() ←

𝑏% −∑ 𝑎%*𝑥*
(>)%5(

*'( − ∑ 𝑎%*𝑥*
(>)&

*'%=(

𝑎%%
 

Q/p/�/𝑥*|*'(,…,%5(^�¢ 

Gauss − SeidelX¾vw;𝑥%
(>=() ←

𝑏% −∑ 𝑎%*𝑥*
(>=()%5(

*'( −∑ 𝑎%*𝑥*
(>)&

*'%=(

𝑎%%
 

92: ¦phi$²/v�74X¾v{; 
6𝐷 = 𝑑𝑖𝑎𝑔(𝐴) 𝐸̂e𝐴/êë_Òj�$/< 𝐹̂e𝐴/êë_Jj�$/< �̂𝐴 = 𝐷 − 𝐸 − 𝐹8
��� JacobiX¾vw� 

𝑥(>=() = 𝐷5((𝐸 + 𝐹)𝑥(>) + 𝐷5(𝑏 
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�� Gauss-SeidelX¾vw� 
𝑥(>=() = (𝐷 − 𝐸)5(𝐹𝑥(>) + (𝐷 − 𝐸)5(𝑏 

X|æ¾ÉJþË45��𝜔(𝐷 − 𝐸 − 𝐹) = 𝜔𝑥^¡¨�¢þËwX¾Î� 
𝑥(>=() = (𝐷 − 𝜔𝐸)5((𝜔𝐹 + (1 − 𝜔)𝐷)𝑥(>) + (𝐷 − 𝜔𝐸)5(𝜔𝑏 

8 U²!{d; 
91: !{D9orthogonal set:;��!{/q5/D18X|?@!{D�Åùq5^�®@!{D

ådYË89ÀÁ89;∀𝑖:	0 = 𝑐(𝑣( +⋯+ 𝑐E𝑣E 	↔ 0 = 0 ⋅ 𝑣% = �𝑐(𝑣( +⋯+ 𝑐E𝑣E� ⋅ 𝑣% >̂𝑣% ⋅ 𝑣* =
0|%M*BÛ𝑐% = 08:gh!{DBÖESq5'(RE/?0!{=8 
»?�m^BFG9:!{D9orthonormal set:8 

92: ���q5𝑦 ∈ RE X̂àO²𝑦H?0!{=ø𝑣(, … , 𝑣EùÜ@=J/�v9òC:��𝑦 = ∑ 𝑐%𝑣%
E
%'( ^

� 

𝑐% =
𝑦 ⋅ 𝑣%
𝑣% ⋅ 𝑣%

 

®@OéÊBp�!{aã�Ü@$5J�v/õt8 
93: !{hi9orthogonal matrix:;��9:!{/Âq5E�q5/vi9gh³1U/ðR«

�e“9:!{hi9orthonormal matrix:”:8!{hih9:!{=H!{4¿è2²jd�
9:Gº)z�dB9Ì�s):8!{hi𝑈��𝑈5( = 𝑈h8®e?@Aof�/dK8gSa
�st±c¢O²hi/r õ̂t3�?î/hiOr/«Ãºa�8X|RE!{hiÍJË

ò^*Þv°½Ua�8åpJ QR$²EZ�¤$²*e®~�/8 
ÀÁ89;𝑈 = (𝑢(, … , 𝑢&)^𝑈h = (𝑢(h, … , 𝑢&h)h^É?_��À8 
�𝑈eÂq5z�9:!{/hiPAvi^!j𝑈J��FGhi/r^©²j�𝑈h𝑈 = 𝐼8 
Îhi9Unitary Matrix:e!{iH«'(J/ÿ_8 

94: æÉ!{ieHå��ñ4¿ ®̂egS|𝑈h𝑈| = 18𝑈𝑥"𝑥�ñ¼± 𝑈̂5(𝑈𝑥 = 𝑈h𝑈𝑥 = 𝐼𝑥 = 𝑥
À"𝑥�ñ¬wM8 

95: Xà¡��?0={𝑥(, … , 𝑥&}¸�=]?0!{={𝑞(, … , 𝑞&}� 
𝑞( = 𝑥(

𝑞) = 𝑥) −
𝑥) ⋅ 𝑞(
𝑞( ⋅ 𝑞(

𝑞(

𝑞[ = 𝑥[ −
𝑥[ ⋅ 𝑞(
𝑞( ⋅ 𝑞(

𝑞( −−
𝑥[ ⋅ 𝑞)
𝑞) ⋅ 𝑞)

𝑞)
…

𝑞& = 𝑥& −6
𝑥% ⋅ 𝑞%
𝑞% ⋅ 𝑞%

𝑞%

&5(

%'(

 

XàU²Ô�Ö𝑥)Sd;"𝑥)!{$² Î¸?@$5H𝑞(J ò̂CS
3$⋅F!
F!⋅F!

ß̂?@$5*e𝑞)8

2W/¼{�eXh8Q/�¢/𝑞%e𝑥%HÈ�/!{=J$²¨Ïè2/v8�NO�=]?
09:!{={𝑞(, … , 𝑞&}^(óHJyQ@��2Ç.J9:k/'E; 

∀𝑗 ∈ [1,… , 𝑛]:			𝑞* = 𝑥* −6(𝑥% ⋅ 𝑞%)𝑞%

*5(

%'(

, 			𝑞* =
𝑞*
!𝑞*!

 

Ðoz\J� �̂"𝑥* ⋅ 𝑞%ÓS𝑟%*91 ≤ 𝑖 < 𝑞 ≤ 𝑛:̂ "!𝑞*!ÓS𝑟** �̂𝑅 = �𝑟%*�&×&e?@JÒj

hi8"(𝑞(, … , 𝑞&)ÓS𝑄^�𝑋 = 𝑄𝑅8k*e¼^��"��hi𝑋$²MM?@!{iEJÒ
jhi/É´^®*e QR$²8Qs��kÅ±w^®@$²kBÖòwO²ådv{0; 
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𝑄𝑅𝑥 = 𝑏,6𝑅𝑥 = 𝑦 → 	𝑦 = 𝑄h𝑏
𝑅𝑥 = 𝑦 →1qtw

 

9 U²Ï/^; 
91: ��?@Ï/LC9v{:̂HIAÏ/û �̂ÞN4#å/)Ñ (̂ÞH𝑥𝑦ZJxm?��ñ)

yu/{|8gh^ãäÏ/LC9v{:/dK^(ËUÏ/�$*�M8(öÅÏ/�$/

LC9v{:rRSÏ/�/LC9v{:8 
92: ©jBÖn¼�RhiwxyÏ/�/LC9v{:8dX 

𝑎𝑥) + 2𝑏𝑥𝑦 + 𝑐𝑦) 	↔ 	 [𝑥		𝑦] �𝑎 𝑏
𝑏 𝑐� �

𝑥
𝑦� 	↔ 	𝑥h𝐴𝑥 

BÖ"�Ri𝐴!{�jk𝐴 = 𝑃𝐷𝑃h^(dïµo4¿/�$8H§¬J^®*e"Ï/^�«
/LC9v{:/#å¾!8ÖLÒ#åè?ÓLSd^®@'Ez��À?@0Ú/ÓLÔ!

Dyu¢�vZ/¸U8 
93: ��Ï/LC𝑓(𝑥) = 𝑥h𝐴𝑥 �̂∀𝑥 ∈ R ∧ 𝑥 ≠ 0 𝑓̂(𝑥) > 0 �̂𝑓(𝑥)e!FÏ/^ 𝐴̂e!Fhi^

ÓS𝐴 ≻ 08TUBFG;!Fhi)<Fhi);<Fhi8!FiijBr ©̂e�?FB�

jk8 
94: ´y?@�Ri𝐴eêe!Fhi/ªNvwe�I��!{�jk𝐴 = 𝑃𝐷𝑃h^�𝐷¸Q?@Z

�¤�%�ù^�!F8TUB´FeêS;!Fhi)<Fhi);<Fhi8S}~BÖ®

*´y�®egS𝑥h𝐴𝑥E𝑥h𝐷𝑥+Ke?*/ 2̂6(euÇMI¸�ñ/�$8"𝑥h𝐷𝑥ÅÆ*
�¢M∑ 𝑑%%𝑥%)&

%'( ^(��Õ�/𝑑%%��%�ù�çBÖdÀ∑ 𝑑%%𝑥%)&
%'( �%�ù8k*e¼^ó

N𝐴/Z�¤�%�ù8 
95: !F/<Fi?FBr8gS�«/Z�¤�BRSù8 
96: 𝑓(𝑥) = 𝑥h𝐴𝑥9𝑠. 𝑡. �|𝑥|� = 1:Hà�Ý�r¤� 

�𝐴S�Ri�^𝑓(𝑥)//%¤S𝐴//%Z�¤^𝑓(𝑥)//&¤S𝐴//&Z�¤8 
®@OéBÖn¼àë=>Éfw�¢8 
ÀÁ89;�𝐴S�Ri�^�𝐴��!{�jk^�𝑓(𝑥) = (𝑃h𝑥)h𝐷(𝑃h𝑥) 𝑃̂hES!{i(�
𝑥xm�ñ4¿^�N4IÏ@C^l𝑓(𝑥) = 𝑓(𝑦) = 𝑦h𝐷𝑦^ÅÆÌhpàë=>Éfw�B8 

10 U²ÍD¤$²9SVD:; 
91: �RiBÖ»�!{�jk8Xà"®@fÕ/dKsp¢��hi𝐴J� 
92: ∀𝐴 ∈ 𝑅a×&^gS𝑚 × 𝑛 = (𝑚 ×𝑚) ⋅ (𝑚 × 𝑛) ⋅ (𝑛 × 𝑛)^�Ö×hiÉw%�^ÕÖijmH?

@𝑚 × 𝑛/hiΣ ?̂@𝑚 ×𝑚/hi𝑈 Ê?@𝑛 × 𝑛/hi𝑉h�𝐴 = 𝑈Σ𝑉h8}~íîwM 𝑈̂)
ΣE𝑉$[Á~t� 
��w��𝐴h𝐴E𝐴𝐴h8gS𝐴h𝐴 = (𝑈Σ𝑉h)h(𝑈Σ𝑉h) = 𝑉(ΣhΣ)𝑉hP𝐴h𝐴e!{i Õ̂Ö𝑉e

𝐴h𝐴/Z�q50M/!{i³ΣhΣe𝐴h𝐴/Z�¤0M/�ji8TU^gS𝐴𝐴h =
(𝑈Σ𝑉h)(𝑈Σ𝑉h)h = 𝑈(ΣΣh)𝑈hP𝐴𝐴he!{i^ÕÖ𝑈e𝐴𝐴h/Z�q50M/!{i^ΣΣhe
𝐴𝐴h/Z�¤0M/�ji8ÖJ®#$F*ïL©ª��𝑈E𝑉$[Á~tM8 
}~ΣÔ�NÛÜΣhΣe?@𝑛 × 𝑛/�ji¨ΣΣhe?@𝑚 ×𝑚/�ji^̈ 𝑚BÖ�6�𝑛8

�°Xh^�𝑘 = min{𝑚, 𝑛}^>(𝐴h𝐴)h = 𝐴𝐴hBÛÏ61𝑘@�jÐÅijz6^�-�S
𝜆(, … , 𝜆>8îÈ^ij�𝜆( ≥ ⋯ ≥ 𝜆> ≥ 0^(�®*��çBÖ�®�CÆ�v8ÀÁ89;g
S∀𝑥 ∈ R& 𝑥̂s(𝐴h𝐴)𝑥 = (𝐴𝑥)h(𝐴𝑥) = ‖𝐴𝑥‖) ≥ 0 Õ̂Ö𝐴h𝐴e;!Fhi8TUBÀ𝐴𝐴hke;
!Fhi8��J 11,/JÓ�BÛ;!Fhi/Õ�Z�¤ij�SA<C8 

93: �𝑟𝑎𝑛𝑘(𝐴) = 𝑟^���R𝜎% = �𝜆%|%'(,…,�S𝐴/ÍD¤9©j�𝑟 ≤ 𝑘:8ÈH��w¼ΣÁ~t8
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Iå Σ̂ = l�√Σ
hΣ��×� 0
0 0

m = l�√ΣΣ
h��×� 0
0 0

m = �𝑑𝑖𝑎𝑔(𝜎(, … , 𝜎�) 0
0 0

� Î¸�√ΣhΣ��×�78�Σ
hΣ

Q@ÐÅA/Æ�vD(dï1𝑟 × 𝑟/�$8 
94: Iå^6𝑈 = (𝑢(, … , 𝑢a)^>𝐴 = 𝑈Σ𝑉hÊBÛ 

∀𝑖 = 1,… , 𝑟:		𝑢% =
1
𝜎%
𝐴𝑣% 	 

��𝑢%|%'�=(,…,a^Bp{𝑢(, … , 𝑢a}z�9:!{�¢8 
95: ��ÍD¤$²/��; 

Step 1;õt𝑟𝑎𝑛𝑘(𝐴) = 𝑟� 
Step 2;�𝐴h𝐴��!{�jk𝐴h𝐴 = 𝑉(ΣhΣ)𝑉h^�¢𝑉EΣhΣ� 
Step 3;�𝐴𝐴h��!{�jk𝐴𝐴h = 𝑈(ΣΣh)𝑈h^�¢𝑈EΣΣh� 

Step 4;�Σ = l�√Σ
hΣ��×� 0
0 0

m�Σ = l�√ΣΣ
h��×� 0
0 0

m8 

96: SVD/«p; 
QsÚ$²FU^∀𝐴 ∈ 𝑅a×&� 

𝐴 =6𝜎%𝑢%𝑣%h
�

%'(

 

?Y�𝑟@$5 ­̂ö𝜎%/%&q?ÁÂ8®GBÖ²±S}~Σ(ÏÝ√ΣhΣ/1𝑟 × 𝑟/�$8®

egS¤¾7Mhi𝐴ådYË/Âq5/@C ¡̂¨oFM$5/@C8X|��(dï®𝑟@
$5/1�$$59dX1 20%/$5:̂ *R�åÈC� o8 

11 hi/�/+K}~� 
91: �ehi9vi:�jåÐÅèE8 
92: X|�@hizs^}~Ô�/�zT8�Kz^'(YË^kezshiè(/zs�458

X|E�jizs9�B�jk)B��Z�¤$²:̂ }~𝐴/�6�Õ�Z�¤/E: 

tr(𝐴) =6𝜆%

&

%'(

 

93: �Â�E��Szs4¿¸/�45 êwzshi��T?aÎ/+KÊg8Ô�Ä�rZ�

¤74M]w8 
94: Qsq5/a´^��∀𝐴, 𝐵 ∈ Ra×&^FGhi/a´X_; 

〈𝐴, 𝐵〉 =6𝑎%*𝑏%*
%,*

 

B­ÀX_Î�M�;∀𝐴, 𝐵 ∈ Ra×Z^ 
〈𝐴, 𝐵〉 = tr(𝐴𝐵h) = tr(𝐵h𝐴) 

95: �𝐴(, 𝐴), … , 𝐴a/pCzb^� 
tr(𝐴(𝐴)…𝐴a) = tr(𝐴)𝐴[…𝐴a𝐴() = ⋯ = tr(𝐴a𝐴(…𝐴a5() 

12 _Gr;ImHeSM"r/FGeÅ�Avi/hiJ8��hi𝐴 ∈ 𝑅a×&^I_Gre\h� 
𝐴𝐺𝐴 = 𝐴 

M�/𝐺 ∈ 𝑅&×a8 
 
?î¨ë^_Gre�C?/8?ë��JÇÎ�/Z«_GreMoore-Penroser^ÓS𝐴=^��; 
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[1] 𝐴𝐴=𝐴 = 𝐴 
[2] 𝐴=𝐴𝐴= = 𝐴= 
[3] 𝐴𝐴=E𝐴=𝐴�S�Rhi8 

����hi𝐴 ∈ 𝑅a×&^𝐴=ªemHPC?8 
 
?î¨ë ĥi/re½sO²/ ôp/vweðp?���hiE.�Z«O�/hiw`pOr8

?�/v�e^X|?@hi/reïÛ/�böO²/^}~��BÖn¼�+his?�N)�¢

��<NOr/�hi^D��bÊhi/rE�hi/r/ËòeBCõt]�hi/r8dX^

Sherman-Morrison-WoodburyÎ�*É]MÊhi/rEIH¤𝑘³�2/hi/rè(/Ëò8 
 

:; 
+`.5[M£Tn/SØ9https://www.matongxue.com/columns/:)Jeff Erickson /ÙÚ

ÛAlgorithmsÜ9http://jeffe.cs.illinois.edu/teaching/algorithms/:)3Blue1Brown/
LVÙ{9https://www.3blue1brown.com/:)ÝÞß6P%Ë/Û/fk;£È)twKUéÜ
9https://bicmr.pku.edu.cn/~wenzw/optbook.html:Öc ZJU-CS Æ�/à{Ûõt3«pC
nÜ8  
+`.Þd��W³�8/�f+BÖH http://hliangzhao.me/math/math.pdf_á8X|l

ÈM#¯ÿÊò hliangzhao@zju.edu.cn8 


