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(2)

BEEZ ] HEAEEEE(Q, Pr)\iﬂl)-‘/l\ilFLTw’(%é\Q?Fﬂ(z &S LA R R E HH (pmf)
Pr:Q - R#A K. £KVw € Q,Prlw] = 0HY cqPrlw] = 1. #—4w € QFR A # K &,

FIZET 2 SGELME RN, W AR S, TXAR A HHBESN L,
Fay e LA LM

FHRIEZTTHESQ—ANTE (ARSARELZTHE), FHAREGBEEL LA

= 2 Pr{w]

wWEA

FHA M SN R EHRZ A5 RME, mANB. AVB. -A%F.

(F8) 4= RANB = @, A HKAARFHFAFBR 44 (disjoint as sets) ;

(k) FHAfBAIRZE (independent) % HAL%Pr[AAB] = Pr[A] - Pr[B];
(A7) FHOELS{Ali € B AR S (fully/mutually independent) % HAX %

n
Al=[1mm
= i=1

(ko ke 5) F4a9 % &{A;|i € I} A k-wise independent 4= R {A;|i € [}49GF— AN dkNF 44
AT RARRAD ISR 589 Bk = 28, RAVHR{A;|i € [} AR 589 (pairwise independent)
E 3t TAE&Z k¥ A {A;i € [}Zk-wise independent, W{A;|i € [}248 Bk 5 89,

(5B 3 FHEERANFHABAPI[B] >0, WABRAM M TARAYBMEN

_ Pr[AAB]
Prl41B] =~ 21
WA F— s X
¢  Unionbound: 3 THZEFHA,,A,, ..., A H
Pr A4;] < Pr[4;]
AR

¢ Disjointunion: %2XRA;, A4y, .., Ap AR RAAEE), BVi#j,A;NA =0, N

B 7 n
Pr \/Ai = 2 Pr[A
i 1 =

¢ The principle of inclusion-exclusion: * TH£&H % FHEE{4,, 4,5, ..., 4}, A




| =1- 2 (- pr

1€{1,..,n}

Y

i€l

n=2091ER
Pr[AVB] = Pr[A] + Pr[B] — Pr[AAB]
¢ Independent union: %= %{A;, A, ..., A} R 8BRS g, N

i\:/lAl- —1- 1;[(1 — Pr[4,])

Pr[AVB] = 1 — (1 — Pr[A])(1 — Pr[B])
* Bayes' Theorem: T/ &F 4 AFB, 42 RPr[A] # 0,Pr[B] = 0, WARIE FHHAEE 6952 LT
&

Pr

n=2091ER

Pr[4|B] Pr[B] = Pr [AAB] = Pr[B|A] Pr[4]
¢ Law of total probability: &{B,:n = 1,2,..} RBEE T QA R X TR ARG 53], LEA

BLHTH, NAEEEHAR:
EPI‘ ANB,] EPrAlB Pr[B

(3)  (MMEE) MMEEXR—/AOQEX éﬂﬁ%/\vﬁzﬁ#/\%% X(weQ)=x€eV), Eul%l{z
AR, ERE—ANEFE, mA—NEHHK, ZAPrX =x] =Pr[4d = {w € 2|X(w) =x}]. &
AT S LOESHA LR S )3 8 F4E— R EMS L X,

MM EEX6 (RAR) 5 L% CDF 4= T :
CDFx(X < x) =Pr[X < x] = Pr[A = {w € 2|X(w) < x}]
(4)  (M2) L AMMEZ LI Z:

E[X] = Ex PrlX = x] (B4

E[X] =J xfyx(x)dx (iE4)
HoF iy RREME S X R F B

EXNEFTERENTE, W
- 2(pr[x > x] — Pr[X < —x])

x21

GGE T F MR 4%EPr[X = x] = Pr[X = x] — Pr[X = x + 1]i£%])
(RHH2) FHARAENFELTRNLT ZXGF4HIE .
- Pr[X = xAA] Pr[ A X =
N ==2x-Pr[X=x|A]=2x r[X x/\ Ex r{a)e | (w) = x}]

X X X

(BH-2MMPREF) ¥ TEEEHA (MNEEA), TEANAXNTFRL:
E[X] = E[X|A] - Pr[A] + E[X|=A] Pr[=A]
2



E[X] = 2E[X|A — a] - Pr[A = d]

GEL-2RRIT) RALHEKOSMEE R XN EL, FHELLEIZRETF AKX
o BRZAMMEEZX Y)W HHEHCDF(x,y), HBREEBEEREEHIAS(x,y), TARRFEZ
LA
x oy
CDF(x,y) =Pr[X < x,Y < y] =J J f(u, v)dudv

CDF(o0,0) =1

CDFx(x) =Pr[X <x] = Jx Joof(u, v)dudv = CDF(x, )

o ry
CDFy(y) =Pr[Y <y] = J J f(u,v)dudv = CDF(c0,y)

+Ax oo
_ CDFy(x +Ax) —CDFy(x) . [ [ fwv)dudv [
f() = Jim, o = Jim = = | revar
FO) = | fay
o FMHERLE: AY =y®IEMHT, XOFMHERLEATA fry(xly), W
i Pr[xSXSx+Ax|Y=y]_l_ o Prlx <X <x+4x,<Y <y+Ay]
fry (xly) = AxDo Ax = Ax20 Ay 50 AxPr[y <Y <y + Ay]
f;Mx f;wyf(u, v)dudv f;ﬂy f(x,v)dv

= lim lim — v = lim — v
AXDOAY=O0 Ay [ f;] Y flu,v)dudvy BY=0 . f; Y £ (u, v)dudv

f;wy f(x,v)dv

8720 (2 P e v)dudy [y, fwdu i)
Ay

Bk, dFAAELGENET EXAY, SRS MEEEAN
fxy) = fX|Y(x|y)fY(y) = fY|X(y|x)fX(x)
B &4 M2EX|Y = y]h
Ex[X|Y = y] = j xfpy (ely)dx = j [)

) SR ™

_AH



BlExx] = [ BAGay = [ [ xhoGddx oy

- [ x [ pwetn v =[x [ [ re dy] ar= [ pe

= EX[X]
FIT CART AT 3] 2302 B FF A
EY[EX[X|Y]] = EX[X]

(5) HMMEZokat (BFEAGRIMET P RER):
() 4 F5F FAEE Ay, T w € QX (w) = x}FF 4 {w € QY (w) = y} 2 IR 26y, Bp

Pr[X = xAY = y] = Pr[X = x] - Pr[Y = y] & Pr[X = x|V = y] = Pr[X = x]

SHE & W xAey Bl s, WEAE EXFY R0, XTE%E, ol F —MENEERELR
WAl G — AR E AT — AT EX,, Xy, ., X B ESRE S A AY 3FF

X, Xy e, X
n n
[\ = xi)] =| [prixi=xa
i=1 i=1

GEII2 8 o) 4o B S 52 HOR B FAVE B X oY R IR 249, N
E[X-Y] = Ez:xypr[x —xY=y]= ExPr[X — ] ~2yPr[Y — y] =E[X] - E[Y]
x y y

H3F FAESLRBHS, HASXFfY)V L. RZIA—E L. R, 4R T LIFE B —

MAMEBX,, Xy, o, XA B AR Z, W
[ [x]=] Jew
i=1 i=1

Bt FAEEL 2 RS, HALXD, XD, e, fIVA I Z . RZAR— R AR Lo

Pr

E

FRAXy, Ky, X TR, BA

i(“t - Xi)
i=1

— A E AR A: CaRIEEX pdf LY = f(X), KBMMEEYH pdf. A H pdf #= CDF Z 14

K R UARY = f(X)XAF MR T KE,

FRIAE BT AOBEES A GEME Z 692 L. pmf/pdf ARIZ T H, QLEH DA, AEFAH

M. ZAA T, RS /RS

e 04 A Fads 5 A 64 pdf:

(1) awpAh: H— s BBy R F KR, AR AFHERARE Fo" TR L B
WA (AEAISH), ARy AT ZHAZ AL A E R ANHAT AT FHF LA
AN

n

= 2 2 a;x; PriX; = x;] =;(6¥i E[X:])

Xq,eaXp 1=1

E

FHMNEERHX, FHEAWBREAD, UPK =1 = lim ()P -p)I™*e BH=ANH
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%%%ﬁprwm,xﬁﬁﬁmm@:ﬁ,#miﬁT FP(X = m—hm—eﬂ

n—oo k!
(2) oA BEFHAL TR R EGRIIRA AR, IR AIGH ST G RAE E A%
$%mé%&ﬁi%ﬁmm%o

FINERE A Apu=2At, Ht=1HAF—ANREREBRANFHFREGRE, t = %ﬂ']%*’l‘?

f B I B P A R SR, SLHP(X = kt)—(m A Ay = BAEA K A G A, 0

Y > te9 R FM Teab ] A F4 KA 0 KRB, BT
PY<t)=1-P(Y>t)=1—-PX=0t)=1—e*
B A AR XA Q4 6, Prdt < 08P, (Y <t) = 0. A& T3t CDF TWAE % pdf.
oy GEE) AUTxH (HH) BA LTH, Bp
PX>s+tlX>s)=PX>1t)
A KARIE A5 H oA 09 pdf Fo S RS T A 447 3],

X ERE, ?4*791&%#%?%7’*4*&%%%%Hﬂ‘fﬂEi’iﬂﬁi‘:ﬁﬁn FHEn+ IRAESF VR R EWME
—H, TERAACLEAETNRARET. X—2b5A LG R AR E4FMA. T LT PoW
89 IR AUH) B R A B T XA AT 15:4:?,@5*}2' A N3 nonce B9AFM, AR TAF P ABER ., Lwk
BT TH I “CHH A7 R
& N et 372 2 R AR IS R 69 KAk B A MR A P 2 P a9 KR
2 5 8 9% B 91 A
(1) spAEERT CTRAAMIR, R RIRE®ETOBENp), Bl T &L~ EN-Fayim

PR

VonNeumannCoin():
x < BiasedCoin()
y « BiasedCoin()
if x#y

return x
else

return VonNeumannCoin()

Proof : 474U, ML Ax #y, PTAPr[x =0Ay =1|x # y] =Prlx = 1Ay = 0]x # y] _ziaqq -

%o A FAAE =T A BiasedCoin()# 8 A 9.1 5, W
E[T] = E[T|x # y]-Pr[x # y] + [T|x = y] - Pr[x = y]
HEFPrix #y]=2pq, E[TIx#y]=2 (BALRT), Prlx=y]=1-2pq, E[TIx=y] =2+
E[T] G£J238R), BT KZE[T] = i
(2) BEANMIARGNF, FAE—Q TG Ul —FfF, BIXETneFli@, T Ak %k
TRGF? ATHKHER LML T, 2V XL THRE?

SR FiFFF, e XMMEEX; € {0, 1}ETFEMAEFHNAC. TXEMNETEXETRMNAA G,
FAP £ 8GR, SRAX =X X, ITARE[X] =X E[X)] =X Pr[X; = 1]. Ank g%
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¥ &41‘]&75#&:@1%%%@%%@9(1—%)"zg (B 4K 10 F kb 3547 F 69 E RN 1id), AT

VAE[X] = = ~ 0.632n.

T () AR T A KA 49 T AR @ 60 3. HI AT AR S AnAME, FilHBAEIE Fi
2Bk, T (n) AT SN B0 E 60T 1o d 69 4. MT(n) = X, Ty(n). & H iAW,

H0 3| — AT F R B H D T (n) 52 R B R — AT B RAUE B, ARYEILAT A 69

P 4 E[T;(n)] = ——, Pk

n-i+1’
n

n 1 1 1
E[T(n)] =27="(1 bzt
=1

B @ EATUTAAH RIn(n + 1) < Ty < Inn) + 1 CROpE L8 260 LT R B o iy it

H, BRI RARL=-6), FTAES EE0(nlog(n))e.

HFLROENET R, FAREEMELTEHGBRARLLENMERS V?

(1

MA A ALE 209 ph 2t A B RARRAL D, ET RGBS FHH RS A,

5 R ARTRHF X (Markov’s Inequality ) :
SXARAER ., BEHEMT=, N
E(X
VYa eR":P(X = a) S%

Proof1:

Pr{Z >z] —l . area =E[Z]

\

W LB ERAz Pr[Z = z] <E[Z].

Proof 2:
AZWAEERZ 2 08a > 0, Hivkz # O AZ > 1, FiAPr{Z 2 al = [, f(2dz < [, % f(z)dz.

B VX% =F E] = foooif(z)dz = foagf(z)dz + faooif(z)dz > fawif(z)dz =Pr[Z = a]. Qed,

(i) AT EHRARTEX, TFafe 212 — 2 EHYEIT ZHBIEAR LB L
F



1
Pr[X = (1 + OE[X]] < T3
(2)  WeE RARF KX (Chebyshev’s Inequality ) :
(HBXR1D) A F—megr () TEX, Xy, .., Xy, €{0,1}, 4p; = E[X;] = Pr[X; = 1]. & XX =

YiXi, BAu=E[X]=Xpio 2 RXy, Xy, oo, X8 St HR 2, N

PrilX —w)?=z] < g
Proof :
Vi XY, =X;—pi, RXY =3, Y, =X —p JME[YZ] = E[X;;Y; - Y| = 5 E[Y?] + 2 E[Y; - V] =
Y E[Y?] + Xis; EIYi] - E[V;] = Z.E[V?] + 0 (B2 pairwise independent). #¥; E[V2|&FF T3
YE[Y] =2 —p)? pi+ (—p)* - (A —p) = Xipi(1—p) <ZTipi =, PIAE[Y?] < po RN

AR R R TAPY? 2 2] < D < £, Qed.

() VA6 ERY, A

Az
U
Az

PriX < pu—A] PriX < (1 -98)u] <

6%
(élr\Z = AZ\ £ A 6#)
()M T X, Xy, .., Xy i ANKE B4R 5985, BPI[X; = 1] = p, iy = np. 42X, =
ZZ?leﬁ’aﬁanikﬁ Bk R B 09 AF AR, W VT AMT 2] 55 K AR A2

lim Pr[|X — p| > E] =0

n—oo

(BX2) HFEMEEX, & lu=E[X],0=+Var(X), N

Pr[|X —ul = ko] <=,k >0
Proof :
RAY = |X —pl >0, WD RAKTEXTHPIIX - pl 2 o] < T, mig a7 —F 43

PrilX -l = a] - Pr{lX — | = a] < L — ML BN A
X —ptY KRR RBF RGN ZRE, FRMNEHRRAIRZE A (ARREESSH, —18 4 HTH
), FFLRGFC) = | |IMAFIX — ulIRARZE 5. FrAE[|X —ul] - E[IX — ul] = E[(X —
Wi =0? (MNEZRIGHER). A TATERANE, FH{weQ|X(w)—ul=a}sFH
{w € Q|X(w) — u| = a}tkrz, ATAPC[|X —u| = a] - Pr[|X —ul = a] = Pr[|X — u| = aAlX —pu| =
al = Pr[|X —u| = a]. PryA

2
Pr[|X — u| = a] <ﬁ
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(3)

(4

feq = SE!P T3 4. Q.eds

MLE R H X ) RAA KRR E X 2 A5 5,
Higher Moment Inequalities:
MILE R RHF KR KA B KX, Xy, ., X3 R 2 (2k-wise independent & k = 1), 4= %
X1, X,, ..., Xy i#5 % 2k-wise independent, 1
k
PriX —wk=z]=0 <“7>

0()F oA EkA X,

() VA6 ERT, &
k

(%) ) PriX = (1 + &)yl =0<(£) )
k 1\

(%) ) PriX < (1 — 8)u] =0<(W> )

=A%, AN =6p)
¥ Ri%E KR (Chernoff Bounds):
(3132) R — NI TEEX, Xy, o, X B EIRZ, MVa > 1,E[a¥] < e@ Dk,

Proof :

BRE[@X ]| =pa+ A —p)=(a—Dp; +1, BAL+t <ellomz, FrhE[aXi] < e@ DPi, 4

FERAME Z X, Xy, oo, X 48 AR Z 09 PR 7T VAST 2

E[aX] = E[aX1 C et aXn] = nE[aXi] < e(a—l)u
i

X

X
(_k]] ﬁ:i%kﬁ_upper tall) ﬁU%Xl,Xz, ,Xn#ﬂﬁ.ﬁli, D]']Vx 2 ,u: PI‘[X 2 x] S ex_ﬂ (E) o

Proof :
e L RE > 18, e - (i)ti‘f&i)@]i%’, B VAPE[X > x] = Pr [(ﬁ)x > (ﬁ)x]o ARAB T oA
% R 4% XA Pr [(g)x > (ﬁ)x] < E[((;)) S BE [(i)x] < e*h | BT PIX > x] <

X
(31 Ri% k& F-lower tail) 4R X;, Xy, ..., Xy B SR, WVx < u, Pr[X < x] < e¥# (E) 0

X

Proof:

X X
B fEx LR <1, MPr[X <x]=Pr [(5) > (f) ] | 43 Pl Ae £ L —HE
W I I



(H#t 1) 4%5*5#%%»14 A

e(a_l)u
Va > 1: PrlX > x] < —
a
e(a_l)u-
Va < 1: PrlX <x] < —
a
TEE Lk — K fra = %Hﬂx@;o
(g 2) VA6 ERT, A
A 7 u+a b u
X zptdl<e (#+A) X = 1+ )’u]_<(1+5)1+6>
VA e #
PriX<p-A]<e™®(— PriX<(1-8)ul < |——
riX<u-—-4]<e (#__A) r[X < ( )#]"<(1—-6yf5>

(5 A Lx =p+ Aep— A AA = 6u)

(33t 3) #t—H 3, LH AR LR
2
PriX = (1+6)u] < exp <— %)

5%u
PriX < (1—-98)u] <exp <— T)

Proof :

SR Sf(x) =In(x+1),x = —1&x = 0 EF, F2 f(x) = f(0)+ f'(0)(x—0) + @(x - 0)?,
ARANTHFIn(1+x) > x — %xzo xR —6H 28 € [0,1]4F2In(1-8) = -5 + 52—2 A= E

2 T HAXBTAAELG AKX 2, ib, LHH— !

In(1+x) — x(l—%x)

=24 L, B SH
x 2—x

RS € 01Tz + -5 <5 +2, Fnitel

! <1+§° KREEiE 2 b4 L AR TEA

In(14+8) — 2

PRI
SR

ey nX 1.
9 FEMHEPIE. WAHIT TR LR T ik
(1) MnAMTFRRTEFREEATEGHD

n!
K—wo(n—1) - (n— ="
Af=n-(n—-1)-...(n—k+1) (n_k)!,kSn
MAANTFRB LE FRB AN LA A5 AHPI R Ak LR R —aKE 5 A HE|
Ak n!
k n <n

= T ok s
BARKFCK =crk,
(2) & RMAT &
(O REBRE) 0. 1. 20 30 4. 5 TUARS I ANERA T AR FUBAZFH? M5 M
9



(- £Ao ik RIE) ARATARR 4R 5 A, LBaF 440, TP EmAPRF 4, BREiFfdl
WHEYE—AGRBER ST B RBZER, AKNHEAE 1 2E£3 LB, 2582 %
@7, “3 R LB, ZAPMNACIXCI. C2xCE. C3x CLATedF, RBH Lok RIL, =
HFHARTF 120, 5 E: Cq — Cs — Cio

(FaAR P AR ARgR k) AR AW T AsbE—HF, 2RI AL, FELMABAL (BP—
MEERAE T H—NAMGRNW), —(A FVAHE? BE: TR, AR FEEFEZHH
A (& BIMGRA —ANEAR), —EFAANEIR, BBk m 3 A AZHAHED] o FEHAN AR 3R,
BHAGFALFYHED] (ngr), BEb—E A AS x A3 x AjFt,

(FaArEl AL 5 iRgek) AL B. C. D. E ZASE—HE, AB L/AARAN L B LA A 69, M —
£H 5V AHEER? BBE: AL ARG,
A. B. C. D. EZAsE—H, BRLWMAEAWEDA, W—2kH8 % VHHEE? BE: FTik—: 24

P2 BB B A A S ADHAMK, WS k=, AT @# T4, § 4 CDE ZAAM

AHEPIAHAS, EAANEL—EE T A4ANATAE, Afe B T AAARL T AT ABAR, B bR A {2
BB —ARBEAHT, BICH+CF =10, PTABEHRAS x 10 = 60,

(B P AAHIERE) 5 LHFFTMS ANKLT AR, KT IARGEER S M 5 585
FoEHAIHHS), BTT 64z, —AZEFREARLIAET, BRZAFHHE, Bkt
BEHAZ X A2,

(& HAARLE ) 3 4 B Afe 4 Lk A HFAsE—HE, KHEP T R4
- BhBsb—A& (FALHAAL, K AELIMAAR): A X A3 X Af.

- BALRsE—A: BAMY, A3 X A2,

- BATERARAL: R, AL x AL

- BhETAAR: BRAEZE AU T ARG E, A3 X At.

(f8 & HAnARLE &) 8 AN B AP A 2 89k, 3 MRS, 3AMZE, KbikrEik.
- —AEHIKFKR, —ABRKREZE: A5 x A%,

- AANBRKTARAR: AG X A%,

- AANBHARAR L EAFERS T ARAR: Af X A2 X A5

(MRAEEERRRE) 10 B RSB T A, BREV A, S VM5BT E? A5
Hh, TR —APEPIA, RASHEANIEYF Wi, B RSHENIEN B TUAA B g A 845,
10 NE—EH 9T AEN 6 MR T o EA (RIM@AANIEE) , BREEACS. TEL, ni
TEPBRmY, pBGE—2AC A,

R A E B BT E) 45 6 AR AN 4 N ET, £omer £k,
L BEAETATRAE: HBC.
10



A —ANZET: BAMEEARMTCE, RE—MRTHEANEZL-ATE, HLA
R R ASMI. RA IR Z AT AAMRT A E, BICL, AR EACEXCL.

AR TET BB 1 AR EEN—ARTCL, REEZA T2 E P EFEAACE)
KA (C]) AR THBRNRT, BBEEACI X (CF+C). B9 2: BRRBFERNTA
TOETCE, REFAETRTH 6 MNIERAN2AETF, AHCE, RUEEHNCEXCI.

(FHWPA | RRAAEPASRER) 6 ATROH-FHHR 3 HE, 2 AEH LV #HH
K7 MAE: e RABCE X CEXCENE, 2R E LA, #ld=, (AB,CD,EF)4=(AB, EF, CD)#
FER—FE, BAELLZARBTE, SEAMERACE X CZ X C20, TAXLRLEZANBHT F. B

2 2 2
HoE RIR OAR R R R AR, B

3
A3

(%jg%\éﬂ]ﬂ%—gﬁ%%li‘) ’]‘%’ 13 /]\E*F)\ég\)gk 3 ﬁj:]_, —40 5 /]\F)\, ;Et—’f‘&]%gﬂ_ 4 /]\F)\, ;ﬁl—%; 9‘%17/7.7\
B AR OAAE R LSRN, B gyt

(FHPAPRREGRER) ZFR—3HA 6 M3, ARIRENL LF L, ZRHEZF R
A BB EHE D G, — AU SH R ? S Bl S TOA TR A S ABA,
M T CE X S, KB IE A AANEH A AR GHES) 6 Adetk, BRAZ, PROAB %N

Cc2xc?
2
AZ

x A2,

CRH AR A ER2E) 6 ARRWPH, A 348, KomrmEi K.

2 2 2
o C2XCEXC3
3

- HBw2 A EZAFHHE, BRFAF

o
3

- w1l A, —H2 K, —A3 K RATAHENNME, AECIXCEXCE.

XCEXCH
2

4
- *ﬁ4$,%%%ﬁ%l$:ﬁ%%%%%%ﬁ,H%ﬁ%A

o
2

(EHEFIA 5 ARG HEE) WATRMHEMANRT A 1, 2, 3, 4 W ETH, BHA-ANZE
AR AR B TP A BAAKRR, FrOATRAE R At & o 97 ¥T o ith &SR Q92 ik b R 3
MNETHANK, EANSET AR, RE—NETRAK. AR 4ANREBEFRACIHAN
EANETF, RBEBL “AMETHETHLHS” #2(2,1,1,0 28 &THS, BA],
WEEACE XA}, TEZRAT “REFBHF" 09 85%,

GEHEP AR ARG HE) 9O 255, AP BS54, k44, ASVARASMITH AT X2
A HAEREABAA, BCEXCE, REB I AAMESE (X1 3%2, A2), B 169k
)5 20 FasHe, BB ENCEXCEx A5,

(ZHPIREARBHE) CAEH AT B S A RIGE, FXEH 44, LFXLREF
FEARPE LA F — R E, RRETBLMEF REd, A S VBT E? BE:
L 8 AN B 5411t h ABCDEFGH, <A % — X H & AB, LAEH - RiEdiay2 C,

11



N H—REEZLEFTHSATAFRBZE2A (C2) , REF—RGT B LHIIAL, % RAEH
RO3IATAFEIA, RBEEHT], BPC3 x AL, BB EACE X AL X C3 x Ak,

GRHER A 5 A BEHEE) ARF 1. 2. 3. 4. 5. 6 A XA E AR FIWizi, L+ AMz.
Hife Bl LR FZIAABHO R ER S AT A S TATER=Z/ M2, BN
AR, BLA—AMBRBATE, BPCS + CICEHrmA, REMEXZAHHRF (A3) , %5,
FAZEAR 0 3 AR EBEF—A, BICT, PIABEA(C +C3 xC3) X A3 X (3o

10 2R EAMERPH: ZAMEPAARE R AN L ERHRAGHL, T@k—RARE S THE
DA BASTAL LSS
(1) ZHNH: KR =ADFAE) 2] 5 LR,
RARTFTPRE R, —HAKMAE ART P AR RICE N (BRIES R B IR R 2 F]
DA, AX =Xy, o, Xp), EFPXKRTREARGRGANE, A AXIRA S T :

n!
P((Xlr "'rXK) = (xl; ---,XK)|M1. ""luK) =

X1 XK
wtau
X! xg! L K

F g B K AR I IR A KRR, T Xy = ne ——R B A BARA A HE TSP £ %

xq!l.xg!

B —/NAR & 69 5 E B9 HE7) 4
Gamma HH A E XL AT(z) = |,

0 exp(t)

o tZ-1

dt, MRy EBFERGmA (TBEAT(z4+1) =

(z+1) -T(2)%E), ¥ "%k 3% % Gamma & 3 I A

X1l xg!

F(Zg:l(‘xk + 1)) #xl ‘uxK
Y Tl +1) 71 70K

P((Xli ""XK) = (xlr '"er)lnul' ...,‘LlK) =

(2) ZAEEDH: RRES)HIE) 2 S LYHER.

P((Kay e Xi) = Gty 1)1, 3) = ———€xp (—%(x —)TE e - u))
(2m)2|Z|2
HEPu =y, e, ug) AENEIE Z 69 HME, SHPT £4EE ., SHEH ARG R — 2 T AL A
ey, #E 1R AL (BRAFMIEB| I MM ETT AN). FT =02l (BT E 48 LIk
B EARB), MNASERMNS TESSH,
11 AR KARRAE 1169 A 32 AR N et 7 X

P(B|A)
P(AIB) = P(A)
P(A)RBAAR Atotes (1), 28D 2 4ris 0 % ayif % (L P(B|A)RMA; P(B)RATEA,

P(B)

iLtP(A|B)5£ 0 2 12 |), P(AIB)RAEBARENHE (BE),

E—-1-Q)& B K32 T 24 %N XPr[4] = X, Pr [AAB,] = X, Pr[A|B,] Pr[B,]. %/ X&ET AL TH
Pr[A] = E[Pr[AIN]]
HANREEMMNEZ, ZAAELFN TR L, FAFH, %X TAELRBA
CARRISBEE S TAM BB E N FAT A
12 2R KMAET (MLE) A= 0 ot i
12



(1) FHFE-—FHREGBMERAINFHGLM, @diEdE (CERET WK, iz bl
17 Al 0 i AZRE AR MUAR S8R K AR R A 97 B A T AL 89 B4, 3ER R KM AR A 7t

(2) A 2A"RRMIER K EWBE" R EEE? XRE A BMANF IS :

G SR IZR T ReA AL AR R A F M (R EIE) BMFER K.

(3) BBAFELTUARA—ANMMNEE, ARG ERERT ] FENEF )L EHRET
BRF ] o XA IEAEZAT, RS EIRRIE A0, BATREZA 5 AR A 7 52 I 57
2 MM HAR S EF B QA5 RZARSMGBIRS . LT HARBHE LR +
MM - BIp A7 EA LA,
ATA T BN et 42, EROAEAR Ry F A G 0 AR — Ao (AR S A
AF IHEL KRG, o H R RN E IO RAT R TR E. HLIHFEFMHGERS
Fa G B M AR R B T o Blde, 57 FRIG S5, E5RKEEEL A Dirichlet %
Tt Pty oo la) = ket e 2 5 480 4 A RS E ¥ () B
DA e L ARIA? R A S RE) LD H IS Rak R RO FHEANEE (9E),

(4) MMEHAES GEEARS), SRS MAAAL Y, B E6) B RIARN . X425 T /£ Hoffding's
inequality EAL I3

Ve > 0,P(|6 — 67| = €) < 2 exp{—2Ne?}

Z A% XF B T #A4T Probably Approximate Correct (Bf PAC Learning, AT itH ik L% &
ey R A AR . ZAF XA KA —-8-(4)-4F1% =,

(5) u%&%%w,Kﬁ%i@%T%%ﬁﬁ%ﬁm&ﬁ%%é&%9=iﬁﬂﬁﬁ%oﬁ%ﬁ%

RANVEE P —ADAFHREGHERGBE AN S A TREALE, KAV HPAR T 3R RN ¢
P, ARIEX BN HKIE RS EG, ho B A2 TR EMR, MALMNKESHARKGEFEALT, &

Bﬁﬂtl‘%‘éi&%o e R PRBT, EBRETHRMES TRE, RABRAEMEIER] —AZ )

ﬂ“%éﬁa’iio VAL XA T o, B8 5T & & 85 (Beta 9 ) o AL AR R 4% 5 69K ILT,

B £ 09 IR T UM ARSF HAS B, 23009 B 2 BT . B0 %t 52 3 Bk AR TRIL
= (GRIe) M9k, ER R AN R EL R BAENSE, B RN EK
537,
13 #A7T W etdrdgr (B > R AMALT > RRKBRUAM):
(1) ZJA A Aprehhp, XS8R0, R E@ETBE (Head).
S5
BAX QR A F 3o (RAVARZ A Beta %)
ehu-1(1 — §)Pr-1 By + Br)
~Beta(6|By, =
B pr 2etalOlBubr) = rop Srian
HF By, Br A RIS T 6 5 H

P(6) = oPH=1(1 — g)Pr1

PAER
PR P EOk, 138 T —@WMKAED (eg. {H,T,H,H,T,..}), &F Head M Hay, Tail NA
aro M VATE 44K
P(D|0) = 0% (1 — 9)°T
Z BT VAR B IR R A BAVBAR B R RAEZRRA iid.. (AR4E MLE T VA%F 2] £ 900 $ 38D 4914 I
13



(2)

°
aytar

WRAB Mt ITA X, BRP(O|D)i# A
P(6|D) «x P(6)P(D|6)~Beta(8|By + ay, By + tr)
BTG B R IRN Beta 7, A Beta S A A AT T, BERARHHfoE 1T b0,

BBt A R AR O* 6 H N 1% R X ARG

1
0* = E[6] =J P(8]D)6d6
0

HRO AN TR R A G E R IEY G IR,
4o EP(O|D) A g (REBI bR Iy, 32 Beta 0 M), AR AmEKEFHLEINARLHE
FT. 2R WRPO|D)IHN A A%, RMTUARRKNE B4 7 XEAETE5%, B
0" =~ argmaxgyP(6|D)

R AYAE 7 R A R KB B (Maximum A Posteriori approximation, MAP) . 3 T A 5],
T ASE, MAP 8945 R 2

ay+fy—1
ar+fBr+ay+ Ly —2

argmaxgP(0|D) =

LM EHEN = ar + ay - obt, argmaxgP(6|D) - afa = argmaxgP(D|0), miEHHAR K
T

ag
AR o EFIGIET EXFRE T 692458 SUMHFAZRBERKOTIE, RAMAET~RKER
JAR, I 69E AR H A
% M5
Ay B S AEMEEHAFET A5, K. MR, BRARKFRIL. ZASHIEF
K, THTRAEA HRENLEH,
%% (&AMARZ A Dirichlet 97 ) :

F(Zlk{ﬂﬁk) - Br=1
P(6)~Dir({64, ..., Ox}{B1, ..., Bx}) = mg K

AR
AAE M BIED = {Xy, .., Xy} = {Ny, ..., Ng}, EFNETHERARE YR RGN, WK A

K
PIo) = | |op™
k=1

(448 MLE T A3 8] £ AN HIED S ET, G = —ok—,)

ZI]§:1Nk°
B

P(6|D) < P(6)P(D|0)~Dir({64, ..., O }{B1 + Ny, ..., Bx + Ng})
LU

14



vk=1,..,K: 6, = J O Dir ({04, ..., Ox }|{B1 + N1, ..., Bx + Nx})dO; =~ argmaxg, P(6|D)

Br + Ny
h=1 B + Xkoy Nk
Bl # ST 129E 4 YK, Nj, — coBfargmaxg, P(6x|D) — argmaxg, P(D|6y)-

(3) EAPH: THBEAMHMERIL, WAKRHET.
S B2 A 0 — AL H HE K MLE T #Fu = 21m,0=—21@1uyoﬁ%ﬁ7%ﬁ2
BABEHMZRTIIN, ARARIET A LTURIIL, (X, — w)?ifMe?. A6 8T
Bk BEX AN A

(4)  BAEFRRHEZRIRAIRZE 5, PTAMRRIZAR R R RFBEN R R, ZhA M A AMK
hﬂE%ﬁﬁ&émAﬁﬁ,MmﬁT%%%%%ﬁ%w,M%iﬁ@%& TRFEBH.

14 BAT EZ6THENRXHS? = X=X, AHznERAn-12

(1) PommRE: %/\%Mﬁ%m, T EACTET A BAR P IBFE R Z AN A, Inkn Kiet
1%, ﬁ$%ﬁXﬁ%ﬁ\ﬁkwﬁMhﬁﬁu,ﬁ?ﬁ C0y EA A

(2) M%l:&%%ﬂﬁﬁXﬁ%éﬁu,Mﬁi&iﬁa= E[(X —w?]. Y7 £0%A%mBt, HHA
TTUARIS? = =31 (X; — w)2iifro??
iﬁ%%:ﬁ%Emﬂ=a°%%¢@ﬁﬁiﬁ,ﬁi%%%ﬂﬁ%Y=ﬁmM%ﬁ%ﬁ%£§
DA, BHEARS STL (X — W) R0 R 28

(3)  FA2: BHRub KL, Jﬂi’MﬁX—— X R, AH2S2ET HEAKXERT

B, »ETRTn—17?
KRS EETL, (X — K2 -3, (X — w)?), TAA=H MZL) ME- o2,

15 M7 £ 5% F R 2L dk:

(1

(2)

o T R B AN FEALE X AY Z W] 6948 KM ? AR B A RO 4ENS B AR £ 09 55 5!

XL BXAY A EAR (X1, Y1), s i, Yn), WEAREZZAHA =i — )i — ¥)), —
ERCENEMRE, FA<ON RAARX, AP ZFWE KT mA R . BILTARA =00 48
*, A>O0NEA %,

HHEERA KRR BEE AT —

= > G =m0~ )
i=1

BRENMNEREREOBETR—H, TR T ARG E, AL 2GR, TREZZ XL EHRZ
E3FT
15



(3)

Cov(X,Y) = E[(X — ux)(Y — uy)] = E[XY] — E[X]E[Y]
XA E ZEXAY GV T £ o 3 Covty I 5 Wi Ao dd Aby — B Kl 77 £ 8984 36 & EnASFEAL
BE, Wi AT £, B0 (X, Y) = X — wx) (Y — py)o
BR, XYM IEZ, WCov(X,Y) =0, BRXAeY A0 %, L T/FE AT L4 B LR E[XY] =
E[X]E[Y]o XISk Z M AKX — N S
Fady 2 —#F, W EHELE, BRFLEXFYHR—ANFeZ 2Kk, BRIIAMXZR LT ENR:

Cov(X,Y)
Pxr = Var(X) x Var(Y)
XAAMIE X AY BT £ F 2

16 st EREMET OAESSH AR, BXELEZX~N, 02))

(1
(2)

AR s B RAAEX, o, Xy, BRI = - BT XA AN IR G — ok S

B3t A K 8 P T ANk I — K A, THF 0 R SRR R 26
H? EEMH—F—

ﬁ%ﬂ?%M=%ﬂ;&%%%kk&%n%&ﬁ%ﬁﬁqWﬁ%*wﬁ@iﬁW#MMWm§ﬁ
W%ﬁﬁ,uuﬁ¢@,@ﬁ&%%%%EW%PW—L%%SMSu+L%$o&ﬁ%%,ﬁ?

*m%#wmx%%ﬁmquﬁ$ﬁﬁam,ﬁﬁ%%%ﬁ%@@Mﬁﬁ@%mx&m%
95% K BAZKF, TR, MEREEHEZRMNT ST £ 4,

17 P EARXAR T
VAL AR T R 1), AR AR T LR A ARAR, IR, LR AR — AR ? TR AR BRI & L ALE X ="
nk, XFE@ETIRK". Hlden =10, E@ET 9k, W PIEAPX =9) = 0.01 (75 T4 M P 1E
PX=9AX<1)). w2 EAKFEH 005 MPX=9) <005, ELHEIAMEPRATERT (B “4B
BEHFRAZ.

18 At 24 M ARF MM A M E [ R 6925 KA S 289 ?

(1

(2)

AP AR AT ARME R GES, CAAT A RSN

“ROD R EGGILIBRIE AT A2 7

YN LM EIREFESESHR?

“ha A e F B S A 6 pdf? 7

i &AVE B,

st F ALy ", BEAMTF L6 E TR Ay, BIXNE Tk, FRNNLERIRAY,, Y, WEHE

£
€= 2(3/ —y)?
i=1

bo RiE £ RMAUK, AR AEE A EE S TR, FEF A GRIZAMNGIMZ TEl80).
(X 5302 K308 T TRk 5 B 7 89 B AR (LA T A, I, MR AM A dmilh iX
AR I 2 M85 L RER Y SE S AR AR LY 0018 RARAM A (S5 = 08T,

=T AT 3]

16



(3)

(4

(5)

XA A M GG FARF M, INKMBERER R D ZRE (MSE ). AR DZFREMS A
Kb R E Bl LRy B R f(x) = Y apx ROk St KA S B T .

o R R RERE, ARARERFHYEAE AN E /NG RHALSIEY, TA, ALK
DRI IR?

BAVT AR MLE k22X 53X —F M, X8R —WMAtx, fr Bl Z W) B2 —AN iR e, RIXE

ERMEEDHp(e), M kMM 2 1F B —ANREBEL T, LA

L(x) =plx—x1) - px —x3) - ..o p(x — x)

4% MLE, x=argmaxxL(x)<—>dL—(x)=0, SAHB D TiEA Ay =Y x;, B
dx n&i=1
dL(x)
dx =0
n
1
X :Ein
i=1

%%md=7é=mme§mnxm:%ﬁﬁ%ﬁﬁhE%%%W%ﬁéﬁéi&%%!G@?

2n)o
HRAJHRARINGY . L FRIANEAN L i A pdf G H & EHFE RGGFR. Bk
A A 448 Gaussian 4F # Normal Distribution # B 338, B F LA KAV E K Rak, &KX
289 R RIRFA 7 X _E SR B IR A B8
RN EREFEESHAH (LA ABEEDTp(e)) RTHETH, AR D ZREMATIHEL G,
TR, AT LMNZREFEESH)HR? 7 (B4F)
Bk, BERMAN, FRETAAMNEG ZA, Wik ZRAESSA, L2 ILRBEE LT
L ERETRMLER PR EILAAT . (B4ELER)
oS MR E SR GG TS RANA T K — Ay PR IL — R IEH G FHRENBEELMA %
Y — M R, B R XA B E S . MM IR £ Fe ik ) IR KA AR X AT AR K
LG HEA, BHNETFZ KT ARRTESY) ik,

19 ML )T K

(1

(2)

W5 H 4o R BARE RS ()R B FREEW: f(x) = X, ) - (%), £ P wfeh TR 0%

(2R % BhAANR, EHERASH), HARABETI, )l 2 BIREHS ()5
B, b0y, s MARR SR EX LB MR T R SRR A, AR R
L A € R, hy(x) = xiBF, BRI AR Ak 5T KA E S B S REERT 5K
WA, AHRARTESH SR, EE, KRS P ) R R BRSSO A R A
Bk AR OR MR (BB ZFFRAMRE] “BIL” QPR L), RIS LA K
Bdd. B@AMNEEE, BTt BB bR Pl A EIEE S,
B IR E R R AR E RS DH (PCA). Fo—At 893 PR F 8%, PCA FIRE &5 3 5
B, &) AR, PCA 8 BARA R BV 60 K HOR R TRARG RIER S 001568, Fit
% 5 kT AL PCA, VAJG 2455 3 8 AT A

17



20 FEREIE RAR KBRS :
(1) Wik R — A RAE A8 R R b

BETROGAZKA S HBHENE R FFE,

S ANEME ZHAITRHAD, AFEI()AZAX = xR E2/HAKE (BFFHIHARZA T HE
CER AR KR, NHAEES ., TS NE LAY X —I R, RYRTLRFNG,
RERFINRABT):

I(x) = —log(P(X = x)) = —logP(x)
AN AT maKE (LLREMDKE):
H(X) = E[I(X = x)] = Z P(x)log P(x)

— ARG F, AR R -—/I\FIUJ%E%J?#F (BRREALE M), TR GAZ AR K, JEsE
MK, KR, HOPHEMER K,
(2)  d TR CERA I Ao A0

AW HX,Y) = —EEP(x,y) log P(x,y)
Xy

(M0 HX|Y) = — 2 2 P(x,y)log P(x|y)

(3) EfERATSE —AMITE I, 7‘3-‘/\&#%1{2@’371’)%& MR T %

P(x,
x y

BARIX;Y)=HX)—HX|Y) = HY) = H({Y|X).
(4) U5 KL#E: ST oh AptEmnEE, Hp) = HX)RERRBADK A, 3 OB 2“4
RBAE R AT Ay qhY ARG A AT 52 o H A p e 4E B AT G o KR :

H(p,9) = B[~ og(q()] = = > P() log(q())

ABRL R, MR TR q R L A HEAT G A PIT AR 0945 B AR K E AR KL #UE

Dy (pllg) = H(p.q) —H(p) = - Ep(x)l°g<pg %) 0

= AR AR ESHRAER

1 IERRMAR B AR
(1) RA, REBRFFRELMBRA BN TR, RnKZH, F2&TEL L
df(x)  flx+dt)—f(x)
dt = i, dt

KRB NARAMET 012HFE0, RNARAEALT & LT DHERNTiEGEL, WHLF
Y EEIR I RN A F R
PR 69 K- FHN M £ XM ko A —F WA LG EL, CMTLHERMNEF L FHTLE

R AR IR T N EHATIRE. FEBEATMOH ZEEN, FEEN, REEN TR
FERFEMNFE), FHEen, #FEN, TELSH -2 XERRKABMLARA o695

18




@

R 30h $HO M FF(x), 4g = £, B = g(f(0)o M1 = 22 = 20D 9 ey 9 [gr(y)2

dx df  dx
Rzl = [ ()]

O SURBFHO (F9) = (e91) = 9 (g'nf +2f).

(2)  BpeyErke L
EEy=fO)EERAARF L, xgBhxo+AxELRKXAR, HHHEEAY = f(x, + Ax) —
fO)TETHAY =A-Ax + o(Ax), HPARTARM TAxGIF 4, N BHy = f(x)Exo 2T o
A AxAf(x) xR ABxt T A R EAHIMS, TlEdy.

W AT EZ gL, VAR, By XA A R,

B) ABHHAE—EHEMIRZIRAZERAIXATELANAT SN RELZHLM, ILEL TS
DR ES R ERH Lo

(4)  “#4 = lim Y7

R R A F RO R B R B R AR H I GMIR, FHR B XA R IR,
FHREZKMHyPHARE (EE4&M4: MRXHE Lidg, FEEETE),
X 4E18 5 b
(1) #h: JFHH2TEADNHIEL;
(2) b RRARADZREGER, MREF TR . FIRERHFHL a&*A$
#F %R XEEE R PR X RIEINHIE (%0, Vo), (X1, V1), wor (Xny . V), FAZL(X) = T a;x 89 BAS
7o, RIEf()B L HB—NNMNEKYE. FHAGTHE T ERAFTANREX, KB HTAEE., n2 549
AR ELIERa A EEHH
(1) FMEEE: HBIE—ADNKIE, REFTEMXQGI5H L7, FHE T Xitfr,

ZATH O H R R

& f1 () &3 (xo, £ (o)) Ao, £ (1)) I K AREAHET

f1(x) = f(xo) + by (x — xp)

N (e, f (o)) RAFDy = fﬁiﬁ—iﬁﬁﬁo -2

ﬁdx)—f(o)+££i%—lﬁlg( — Xo)
& fo () 23T (x, £ () |izo,p,2 3 R AEAAET
f2(x) = f1(x) + by (x — x)(x — x1)

f)=f(x1) fx)—f(x0)
N (xg f () B iFD, = —25 A0 4 743 5

fO2) = fla) _ fx1) = f(x0)

f = )+ BT gy RmB MR x
2~ Xo
=T R f(0), ..y fu(X)e KBS, (x)FHA KM BZES(x),
U £ R

19



(2)

(3)

(4

PO B Ot 1)

Xi = Xj
S e flrm] = flxo xi] ! f %, %]
- Ak

M £ EY
f(x) = fxo) + flxo, x1](x — x0) + =+ + f[x0, ooes X ] (x — X0) = oot (X — Xp—1)
FAWBAEMEE: An+ 14 KB &R EmFE f(x) =X aixto

& L fi(x) = g’;r"”’ ® TR HIE S (g, DRk B &, )

X

0<isn

F = Eylfl(x) - Eyl =

i=0 Jj#L

P A HEA 77 kT B 69 R Bl — AR XD ?
B R X FAR Ty kR AN (ZRXEGEMELEE), PTEAT ARTEIER
— RGN L, Ax = bHBE—M0 S RIEFAEF 7, BT XA
Ao RNAE] AR BT 304 A2 B — AR ) 4% ¢

0<i<jsn

4| = X —x;),xi #x; oAl #0
ﬂ (5 = 1), %

% N XAEAG KR AA R 5 AKG95% KBHERFEAIEZLATIR X—SBRE T HEHEF X
By BEA
() Exg, xg + Ax, ..., xg + NAXK GIE T fo s Ao IR AE{AARIL, X RO RIE R A F R [HE, & X
—W £

P XNF 2 AT 6

84T
E (=185 P %5

Af (x0) = f(xo + Ax) — f(x0)

Af(xg + (n —1)Ax) = f(xou-i- nAx) — f(xy + (n — 1)Ax)
A MAEAEFOLOTRT

£ = Fxg) + L0

(x —xp)

e
e
_C;_$.‘
Bk

A%f (xx) = Af (xo + Ax) — Af (x0)

A% f(xg + (n— 2)Ax) = Af (xo + (n — 1Ax) — Af (xg + (n — 2)Ax)
LA R 8 5 () B AT

Af (xo) A% f (%)
°( — x) + zszo

f2(x) = f(x0) +
VAR GE, AR

(x = x0)(x — x1)

2 n
FGO = 00 = ) + L0 ) 4+ O gy 4t T
(x _xn—l)
LHAx » 08 (HBfx —xy = =x —x,), FFHFAN

20



(5)

(6)

f(n) (x0)

n!

fG) = flxo) + f'(xo)(x — x0) + -+ + (x = x0)™ + 0((x — x0)™)

it AL = £ (), AR RHRT A

RUBEFTOARRI A AT & EE— 8 Loy R 1E 87,
A % 0 AR X — BB 3R &

Fert, RAMTAALEH FALE B RRE SxtInl 5 R Xpay Lo

h(x) = p(x)

h' (o) =p'(x)

h™ (x) = p™ (x)

RGN KM TALLAR T B pay & F R 2, MM fFEheInh £ 2T,
FYWEFEFANARAFS L. e ZABB A HTRAHE, B2 EAXKTHELT. BEH
e T A5 by A8 S AL T BDICSRR F 42 (BFT Bxg B R84 RA9SEH) 89%R, Flde, &
£ RM305, WA TFF() = x5, fixy = 29K BT Ik fix, = TRETHEHH S .

OB R B9 AR R R R B AR, B RAF R, e AT wE,
AR T AR TR, AT HE R LT RGHE TR LS —2H 8.
UUTZ#) Vx| < 1:

1 (o)
1—x - Z x

n=0
(= X)) Vx| <1,c€R:
- c—k+1
C — 4 n — - n
1+x) _2(71) —n—k x
n=0 k=1
(#5320 Va:
[o0) xTL
eX = —
n!
n=0

GF#8 4 1) vx € [-1,1):

OOxn
1n(1—x)=—2—
nzln

GF 846 2) vx € (—1,1]:

n

In(1+x) = 2 %
n=1

(ZAHFE) va
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=" x2n+1

sin(x) = ﬂﬁfrﬁ
cos(x) = :O ((;1137 x2n
6 FIRABRSTHRIKGLTR: AR KH, = —iﬂf H AP a9 —R T UA— K — N T a5 HL
HEET: h(x) = 0<i<x<i+1l. TUALHh(X)W LTFR:
~ Lo<x<1
h@%={%J21’ hG) =771

A [y h(x)dx < Hy = [ h(x)dx < [ h(x)dx, T#H, = 0(log(n)). *log(n!) &FFH#+I A LT R

BP ST A3 4 Ak Ko
7 BEEESA BRSNS

(1) &% Li_rg(f(x)—f(c))=0 (&)

(2) —#=E%: hm (f(xl) f(xz))—O(E!Eﬂ)

8 HMEMEH: x+ylBFTn, KERLEAERELD —H,
(1 #H#: (fxg)(n) =21Z% f(r) - g(n — 1)

(2) #&%: (f+g)(n) = fr__oof(r) gn—1)dr

EBABMER ST, EREHTFEREE, s sfERe-FH—T.
9 RAHFMiENKEFRZAKSZAXHTALCIE:
BAEZ R Gk, Foxih o) EAE AR RIF R QFT &, BEEMZ 269 &I T RAex b 69 5. R AR
A B KBS St
f(x)
f'(x)
P KA AEEHREEZ RO RELERAAFE—NF. ZHERERISE, TRAIERM
MRART, REED. Rk,
10 A Z OIS M E AR DO HHAEKREG T OEN T2 FT M LA %R" (EANBLEF R EH,
HRBEBTHOHAE AT E, ERRF “BH” IANBERH L),
(1) U—aFHKKy=f)AB, ATETRRZ 25N (BPxih). RARANT @ : xihiE T 6 Faxth R}
T f1(x) > 0RPERMAF(O)RE K, HET @ RAHIET E; f'(x) < 0RPEE Af(X)RHE
K, M Tr e Axkh i e
(2) =K z=f(,y) AP, BEEERRZ g0 (xy-F@), T@A LEA. WEAHLz =
(Z.2), it it R R R bt 7
(3) MALEHHELLRLRMN, AAEEHE LD HAAANR, RA A TIAME T 5
11 AR L B 51

Xn+1 € Xpn —
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(1

(2)

VX ERMy = f(x) R, Fx'HBHRMAMELL Ex ABA—RTE, UVF(x*) = 0.

ER R B R—RBEFS(x) = f(x*) + AxTVf(xY), BEARAL ()&, WEH
AxTVF(x*) = 00 BAAXTIET i (EARRAEARR), FTLERf(x*) = 0,

Vx € RYy = f(x) €R, &x* A B3 RMMEf Ex*ARIBA T, MVF(x*) = 0BV f(x*) A ¥
iR 4B,

IERES K fAEC R M BB EF(x) = f(x") +%AxTV2f(x*)Ax, FZHEABASL ()R, W

BAIAXTVEf(x)Ax 2 0, FOAVAf(x") ¥ ER.

12 ¥R RIERERAHE &

RERAORARIFEERNEEFR L, ABRORRISENERT QfFRERGRRE T K, 4o
REAABREEZETHAA (—h, —MEEZZHHNOFR), MATUAZE,F K, LRNTEFHE
Y5 R RN, AT AMEB) SR K 95% KA TR ATHEL S (A A Z & k) R AR L
TR, RLABFREIEHETFXRFERT G Bk, WwRA—NEETHAR, IFATURRAREL
F (RRTHE) RA—Z30mst 5k (RYB—NREF); wRAZNEETHFA R, ARAT KRS
AR L —Z 7053t 7 k(AN RETF) A k69 M K 154 9 %) 2 Hessian 4B % 1~ % F € = Hessian
SEMFAYE KAEH . 3T ard, At RSB AREEMHISEETERIIERT - RBH TS T &, T
Je &, PR R A Ak (R A 6948 4 R X # Hessian 48[4 8917 ) o #bol, AX8GR EA T H Bk An
A MG E £ kR AT Gk, AAR LRKIEE—RERA LA K, BPR—ADERTEGRE
ZRHBIN (REZARTEET@EGAREFH P http://hliangzhao.me/math/CG.pdf).

B — R R RAFGPERACK I ARG HHE S R KR L, BHRTERAEBIA R REME A &,
LR E R ENSE P

Tty R AR BMERAA —/NRA B KA TEAL . RN B 34856 A,
13 M B RT & (EFXHR):

Kx €RY, BIRZHHASf(x), FRAAHRAgMX) =0,h(x) =0,...0 %}Timxinf(x)o

(1

(2)

(3)

H—ANF XY R A S DAL K KA R B & A, RBEHEEFHERELX 40,
ZH M EANEF4T: BRVS + AVg = 0.
HENFRGR: EMAE BARREEH ZROHE RS FLHRBE G XM F XA
Vf+ (AVg+uvh+--) =0
H, FIAFE#E B HHL(x) = f(x) + 1g(x) + ph(x) + -, BFEZ

VL(x) =0
g(x) =0

h(x)=0

BP YT K AEAAA & A0, ¥ T e mARAA.

14 32f% KKT &4 CTRAERFXYGR):
Hx e RE, BARHENf(x), FRXARAG () =0]i21,_n, TFRHRAR(X) <0|j21,m» %zﬁmxinf(x)o

(1
(2)

REXAGRLAER: 15408 KT EHBPTME,
THFEXARERMERNT : RTRAEHRAFTIF, HIIRF XY RFEF L@ E X4 RRMAA, A
23



(3)

2R A BB BB R B EROHERA S EARBBEHERGHZOEELE, BREE2EE
89 AL E B AR I KA R L R P TR F XA R I BB ROWE T me R EESHR, T
Apj = 0lj=1,. mo

o B 45

n m
Vf'F:E:Aivgi*'ZE:ﬂthi::0
i=1 j=1

hj(x) = 0|j:1,...,m
tj =0lj=1,..m
YA LB —RHE T KKT &4

n m
Vf'F:E:Aivgi*'ZE:ﬂthi::0
i=1 j=1

X 9i =0li=1,.n

hj <0ljz1,.m

#j = 0lj=1,.m
\ hiuj = 0lj=1,..m
"6 — AR KKT ZANR. Hpy =08, hy XA B AN B HEP, HHAINARF LR
AR, BPhy <0B&RE: Hu; > 08, hy =0, WHAKARERAT, AR LRGER. IAFH
AP L 2] T —A,

15 % 1T4E M AAR 5 09 12 ALY -

(1

(2)

(3)
(4

(5)

(6)

(7

(8)

(9

SEIE AR AL ERTEALEEEN RS X T B LEHENRD RT3 HARWE T
89 2 A X o

T
2 - e _ _ dy _ (9y dy 1
mE-SRE: Vx € Rp,Vy = f(X) = f(xl, ...,Xp) ER, P (a_xl' ,@) € RP*1,

- = 2 oy (63/1 ayn) 1X
*, woEw: V Vy = p L (=21 —n Po

®E->FE: Vx €RP,Vy = f(x) = f(xy, ..., x,) €ERY,

dxq dxq
a—y= : 2 : | e RPX4
% oy oy

6xp ax,,

FmikiEN: Vx €RP,Vy = f(x) R,z = f(x) €eRY, % = Z—i+g—i € RPX4,

é}‘i;‘%ﬁ;‘ﬂ']:‘v’xERp,Vy=f(x)ERq,Z=f(x)ERq,a;;Z=Z—iz+Z—iyo(px1=(p><q)><(q><1))
Vx € RP, ¥y = f(x) € RS,z = f(x) € Rt, A € RS¥t, "’ya—:;"z = %Az + Z—iATy € RPX1,

vx €ERP,Vy = f(x) ER z = f(x) €RY, %=y2—i+3—zzTERz’xqo

vx € Ru=u(x) RS, g = g(u) €RY, g—z=g—z~2—iERl”o
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D _ s _ t 5_9_6_11_5_9 SXt
(10) vx €RP,u=u(x) ER%,g=gw) ER", -==—-—"€R

ag du dg
PXq 5, — S . — — .
(11) vX e RP*,u =u(X) €R% g =g(u) ER, %y = o, . ERe

(12)  FF A LA AT % F &, e

dx
Vx € RP,— =1 € RP*P;
dx

0Ax
Vx € RP,VA € RqXP,W = AT € RPX4;

T

ox
Vx € RP,VA € RPX4, = A € RPX4,

(13) Logistic H#o(x) = s o'() =0@)(1—0x)). TMmAHRx = (xq,...,%,) B,

1+e~x"
o'(x) = diag(c(x)O(1 — a(x))) € R"™*"
(14) SoftMax 4 (B Z AN NGIARZ B A — AN B HEH ) -
EHANAx = (X1, 0, %) 7, BtHz = (2, ..,2) T T XA
z; = softmax(x;) = e
BATRINEF —H SoftMax oF ¢ 89 530 & 2 K.
|k,

n X
k=1€"%

exp(x) B exp(x)

—_ —_ X1 Xn T = = n
z = softmax(x) = o (e*1,...,e*n) T em T exp(x) ,
£+, =(01,..,1)T €R" FTEA
exp(x) _ 1
0z _ J (I,I exp(x) ) _ J (exp(x) I} exp(x) )
ox dx - dx
1
of—
_ 9(exp(x)) 1 <17-'1— exp(x) ) T
T ax  ITexp(x) * 0x [exp()]
_diag(exp()) (1 \* 907 exp(x)) .
~IT exp(x) Texp(x) ) ox [exp(0)]
wE—F R (9) k.
KA, #E (6), ol Z);p(x)) = a(e;;;;(x)) L, + %~ [exp(x)]T = diag(exp(x))I,, = exp(x)-

Bk, B X= diag (1 exp(x) )_ exp(x)  [exp@)]T _

rexp(x) /) ITexp(x) Ilexp(x)
diag(softmax(x)) — softmax(x) - [softmax(x)]"
16 AHRBEOEXRAFL?

(1) ERMNMAEHEE LTI, AnEFLERoMmT . ERBARFLRAGE—H, 2%
REEHBOY A, EARLPEAEHK, (T, @RI EH R, IR EHRE
KAAR ) ERATH LB FHK, Al RERT FARTIOTHFEH,

(2) FTEAXSEHFAK: Kz =a+bi, KEN|z|, WA Aarg (z1); &z, =c+di, KEHN|z,|, 1
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A Rarg (z,)o Wzy 2, 9K E Az, | * |25, @A Farg(zy) + arg(zy). A, BT AL =
WG —A T e, Bz, =ik, HAEABibz, FE44290° (B ETH 1, A3 K90,
17 32k 3zn Xe® = cosd + i - sind:
(1) ZFHRIEHFBIERIEN X F R, Al HeXt =52 L7 X:

e* = lim (1 +f)n

1 1
Y=14x+=—x+—=x3+-

21 31
e* = ie
dx
AT T
(2) #R%%B}J,L i&']’é‘ﬂe“"’%ﬁ%@i% A1 @A RNOE L, eVt mm T A-Fd LayEE R
HEEAHTL2HRENKXEAE A z=a+bi=re??, H|z| =7, arg(z) =0.
%z, = e ‘91, Zy = rpe'f2, M
7y % 2, = ryryet01t02)
21N Lie,-6,)
Z T
al = etlna
FEomk (fp). fadah (), EIANEHFT X RZBUEFH, RAFEXFTLEHGTEHE,
(3) %60 =nH,
e™+1=0
EANKFHATEL, B, REARGBERK, ARANMRT A8 Rinfre, XA L
EOPASENGR

18 FEARAG Lot g Ao 2ot B
(D RAEAH—FE, AREHEMAARGERE (0,) FAE ) AL, AHEHAFHR

flx) = 2 a, sin(nx)
(2)  Rf()AFMERIEFIAANT, #HRAF Lot RE DS, ()T 5

[ee]

fx) = —0 2 (a cos 2mnx + b, sin 2me>
2 n T n T

n=1
Ao
2 [%o*T 2nnx
a, = —J f(x) - cos dx
T X
0
2 [%o*T - 2mnx
b, = —J f(x) - sin dx
T -

(3) MEZr R ARAREETR IR (BER) WAL S & Ao
A5 E ot B HCTAL A R BliE2sh 89484 INEF AR B iE25h 6% 57’7%‘fré’3l)"ﬂi;%f]é’3ﬁ@él*_¢?9§ﬁi)%x‘é
Mo BAEGR AR S HARIE VL7 B DR, EPRE 69,542 R 69 F 1230 2 218 00 T Bl 49 & 2 )
ﬁ TR 3 e ) xc e [B) B 18] — A K AR =T 3k,
(4)  AE 2otk ik XA EF R 8 T 38 9] 274 2 B 30 ek £4 TE = AR A 0 KR, S B
pi7 e R
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fx)=CART R, CREANRIK > 28 FHA;
sinx f2 cos x AFBH, HKIEF1BHE

2mnx 2mnx .
%%ﬂn7,%mm T , FRIET—= R LB,
38 i3 Ao R A T R o

—-if

i0_ i0 —if6
FEOAHES. b, HAERIEA X T HFcosl =2 ;,sm9=ej , RATIF

[ee)

G = Z (Cn . el.ZHTnx>

n=-—oo

Edc, = %faz)OJrTf(X) e T dx
Bt 5 NN XBRMHENT B -F @ o A 4F KA VAL B35 B8R 34 6% B 8] A 32 3 43 2] 64 )

L2TINX
Ml ERE BRI EDGINE, ot AR R LR A S FH 2, e ||, B

R g R A i —mE e A (T = A R A0 BAR N EIIE), e, A ket T LMY Z
o HF—ANER B RMIE R B9 ME, FirE, Ria, b, F @3 £ EK B
53729,

(5) M 2AFARE? LT ABIE RS CO)ETRAE LR GIRNG, AT ESES

(2, 2kr <x < (2k+ D
f(x)‘{o, (2k — 1)1 < x < 2k

A4

A, RAEE et R 4
4 4 4
1+ —sinx+0-sin2x +—sin3x + 0 - sin4x + —sin 5x
T 3T 57

.
kig i, ﬂ]‘ﬁ%&{l,sinx,...,sin5x}J'_€lfJ%iﬁ@%%{l&,o,i,o,%} o FExkhtx=0,..500{zF

VAR B B 09 UF A By B Bk, BPCTAF B3 R 69 SR o AR B SRR G AL A
P, AN AR

(6) LT ARG Z et BHF@AETIFF MBI, ofTEE? 2T > 0! THAKX, MELN), HEH
XpAEEE, BT - oo, ANMHEAINE, JURE LENEERZH EFLRER—FEL
R

= B RE5EEE L

1 FEEAEARE P A RBA:
(1) () REEYmZviwiikei (span) & 4E&{av + bwla,b € R} ((RBEmE ik mE
HF, RMEFIG., AR ZOES),
(2) (B HTFTEEZRVEG—EEE{v,, Vs, .., V), CNRKXEANKG iff HEIELARGLE
a,,ay, ..., a, € Ri#H L
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(3)

(4

(5)

(6)

Eaivi =0
i

TR SN R iff Ao 6 AR B 09(a}iorn, n (BPa; = 0D
GEx) MEEhey—mhREREEAH—AEEELNDEE GIZRTHR). Re94H
A Mg d, M Fndk &MY,
.
o,..1,..,0 ‘

RFHINMMEH 1

v =

i=1,.,n
A—EELEERE (XTEXOBE, BEREANTH)
g% T #H (linear transformation):
P “a&tE”, R4
- HTRETHAL, TREMELRAALK;
- ARALBIRBHETRT;
- RIAEY R B AR B
R, DR AR TNHAE = 56, LERGH T, (affine transformation) , BR&ME T +
FAs o T AL S 4 8 M R B LKL L A A R

Kb, KT AR R A KT LS I T 49 T .

FREL L, F—ATIRLHZT otk
Llu+v)=Lw)+ L)
Fa g bl (—M 3K
L(cv) = cL(v),Vc €ER
MARLA &M, ABTHRACTUERTmE (4K, EAREATAMNMTEZL “HE” ) , &
TMER R E, Blde, KFEHEELE—FRMETI, LA KF N KT T Aot fo i b5 69 &
%
af+9) 0f+ag
dx dx 0x
d(af) _ af
dx ax
g, é&fl]ﬁ&%#&kﬁ’%&#@%ﬂﬁ% T AR T BARG TS Ko BSSABEYRE F 7T 5 T &M N
(aka =) | K220, BEZEARARENE,
2B FRT, dofT AL A AT TR?
HANVAE KEG AL B I ATRERP T, mAATBH R AU ETRATERE R AT, A
W, ey K Hifej, Mt TERATGEE(x,y]", A

X xii + yji i1 jilrx x
[y =+ i ity = [xiz + ;ﬁ] - [z; ﬁ] =)
B, &MAIN, TAREEREARE TR, —MEFER—AERTHRER——3F 5, LR
WAE—FIH AT RGBT — L7 (T3] 5 RE AR A, j &HEAE). @R
AXFHF Sl THEE-AE R R L. i, XROFELEMARRNBGLIFAZ (BL)
%%ﬂ:ké’]o
BT AR H, BLIEEREATABEA(Y), KETHROLSTUEHEB(AR), +
28




(7

(8)

X IET AT A B SRR ROA R E I, IR A A K e AR, R45RA = [ay, a5], B = [by, by] =
by, b21] )
b12 b22 ’

BA = [Ba, Ba,] (mAltEREA NLAGE L)

FEEE AT R T S-SRk EH . RANAZIAFE TEEMER LT HE T X,

E%iniﬁ%%ﬁ,&MTM&A%ﬁ%ﬁ%ﬁ£@£%Q¢.mmc—AwO,@I%ii

#%1ZAB # BA.

LT IRAT G F 18] AL & KRG 42 b B 47 7 X (determinant) o £ =4 &M = 8] LiX af g &

B 45 ARG LE AL, ME LA R ] Xt 5 E A ARAR 6 45 A

- AR ANEEMTIIRANE, NHAZEARTHRFET 2RO SE FreX it ey Eg )
THGEMTMaGEE), XALEEGTEE (BPHLA) KBMXAIER L, T RMNAKZ
FE 5 A 4 769

- R ANEFETII XA R, NBAZ AR THRAT T E R 2™ (orientation) .

a3
AN

s—T:

1: B A 2 KA A

=1: BHBXIARE

det(4) = |A|X  0<|A| <1: sBEH A4 MER

=0: ZRPLE, RTE (“FAKIEIL)

\ <0: BREAALFAN

B Ay R SR GG B ZARFe — R B AR bl de S, AR ARA
det(A) det(B) = det(4B)

A, LA T HR:
det(4) = det(4")
det(cA) = c™ det(A)

Yo B — AT G Fe st A EAAOL (BPRT A AL, TTHUTAFAEAE ) , AR LA X5 TPTA 44
A0 Ar, B@maik X —8,
I 30 A R IERR A AR A = b: x® KRBT &M R AT 18] 69 H .
- %|A|¢0H, T AR KA, NEAANRETRRATEL, KMNETABEIADEH “A8Y
FRM RIFEx. KB P T ARMETRGE (FEME) 697 L
AW E R HER VAT HRAGE—TH: A7 1A=1,
HPIR A 2AHTMT 69T B,
- Al =08, R RARLGE, i, KRNLFELANEBRTHRETRD L, KABRELHG
AEKRIEM, BEXRAETHIMEENNGHFRAT, REF—ANER—FXR “BEHE” A—A
T, BARMEECEHELRT

YT A Z R RAEKETHE? ZNERZ—F R LARM TR EOBE, REZ R AL ZEL
HEB)E, HERGEE, ALK (rank),

Frx A a8 = B 0 E R I e 2, W AT Ax B BABL R T — AN a9 &b =R 8], RAIFRZ A “ A7)
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(9

(10)

7 18] (columnspace)”, iLHrange(A). XA R AAGEF TR ZE G “K” T3] 5 2ZRA A
Pt A FFT AR L). B, AGKRF TANI| T M4, SH4E TH LM, RNk
ZH AR, BT AR AMA K,

E2E, Rme—2 TR, ARXRAEETMLROERE, MEARTBRASKXTR .
ZF, RTERG=E, TRLAHFE- LT AEZ2TE Ti}U%AZ}é)&ﬁSU’? TERmE, KMNKEHHG
FHmEANES CAHRZE” A

null(A) = {x € V|Ax = 0}
null(A) XA “At94 (kernel) 7o null(A) 894 T AR T 0. Plde, H—F A& L89PTH 5%
KT ISR ER G, %J]?’Arank(null(A)) =1, M TERZTH, XML IAS EPTHR
89 S AARR AL R A

R(A) ={yly = Ax,x € V}
s FAEZEA € RV, A

dim(R(A)) + dim(null(A)) =n
F LT A B &R FRY A IER ) fF: W THEZAeR™", &
R" = null(A) ® R(AT), x Ly, Vx € null(4),y € R(A")

Lo fTIRRRIEF 094 B ? C oA € R™WMV —» UMyH—FA, ;R AN 5 69 &b T 3ag 37 K 2 B 69 &t
ZRVE LR, F—ATA A RREANAH LKA BREAGRE RV LA, FFELAE
# Ak L ey R

S THEZIEEA, TH=7t. XZRAH
n= rank(range(A)) + rank(null(A)) = rank(range(AT)) + rank(null(A))

M E A rank (A) < min{m,n}.
mzab€RMEFRZH T X Aa-b=a"b=Y",a;b;.

W% éﬁai BB — R A RE T RE Z— N X EERE R ST AL TFneX T H G

él«Lliéi ri;—us’éA € Rlxnaf 1F B A LM RE (—p2H, PR LeLiR, XL

??fa “ER BHRI K LgEEGE L, BAAD =YL Ayb;, THAME
BARG R L, AT ué%mhuﬂﬂﬂ’ﬁvhz BAREZART RFE—

a-bEFERaltb LB KE., bKE 5 FF AR,
épa»ﬁ_b.l:é’]a”‘ﬁ’ﬁ\:bﬁﬁ#ﬂﬂﬂf FAHAIE, BENHA,
-b=b-a, WiEFIEZZELIIEN,

MIHAG P0G A Bk IR AR
— A @ E A AR R E BT R 69 & T
NSRBI IBR SR P ENFEGE,
BALHMEIRNEZL: TR FmEviw, vxwRE—NZtmE, RFiLH
po pHIKE Hviaw BT R B FAT W AT B @ AR, pR T @ m A FRNHA L (vt gL, wit g F
4, pr B, HHEAXA
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v w [ .

1 L PVt WIN mpcp g REs v, wy . vy Wy . (V; Wy
p=|V2xX|W2|=det||] vz Wy <—>|v3 W3|l—|v3 w3|]+|v2 w2|k

V3 w3 k vy ws

A j kA = E e E,

S AT A T 309 B TR AR SUAR?
ST AR W =g A P e Evdew, T L TR R® - R:

- ¥ 5

Z v ws
ol FOAY TURT Z 8 sl R A fev, w2 R 89 -F- 47 55 B AR 09 A @ 4R AR

R — ARIEAT I Xt (KRR T Xag it AN T, LR —ANEHETH GEY “Thott”
Fo SR L)) B, LARBE DL XILEEPREIANT I, HRIESE (9) ERAGTIBE,

TH CPREGT M [x,y,2z]T ER” B@EH “qEp =P  H[x,y,2z]" 89 8RR, RELXNSE
7T 43 2

D2 = V3W; — V1 W3

{P1 = VUyW3 — U3W;
D3 = V1Wy — UaWq

ﬁﬁ' I/X‘%J_é%p = (v2W3 - 173W2)i + (U3W1 - 171W3)j + (U1W2 - Ule)ko

= T H[x,y,2]7, v, W AR 8T 47 55 @AR GG A @ ARAR? D F R AR R @RS
I Ay, wi s 8- h k&, EaRAv,wils - Firwateain, ma2i TR,
HKEAx,y, z]" £iZe L6 3%%,

H, HEOUTELRE S FmBE A : S TFTEELLN=%®2(x,y,2]", FELEHE 5v,w
MR TR EAMAA L, FEEBRHKE Sy, wii k8947912 4 69 @ A2 48 5 o

o, fedd Fo,wlmtd-F&E. LKEZAH Sv,wh s FiwaneaReae5xyz] %
KA—EF (B “IBR—" F= “HHPR_" %fi& 12) 1 W, 7, k1R N[x,y, 2] T T R IL CIEfE—" “F'
KiFepFeifid L2 X iFEpRA—FF, XA LA BLIRMFIN Ip L& LM a4y UM
P

FARARE R T LRI EIATE LT B AR T R FEAY

2 EMEARML4EE (B = PT1AP):

(1
(2)

(3)

AR E LT R,
BHTHABIRZ LA TOHEEREARN, FEENZSERR AL (F—E4L) WEE—A
BT, BNGAEG—/AE, TNEANKRNGANABERET THARTL, 12257 E 62T
{#,
TP IAPx, TG iX AT & T RARET POOMA, xA LA = LIREKR Fo9—4A %, P
MNEBTRRET CHOMA, NPxE BB CHAAT (PECHLIRKRETART), REAE
CEstiz s T EANALTR, REFALP I I KMNOMNA T, X AEE—AB =P 4P, NBx
A ABELEKMNGA T 1ZEPITR — AT, RNEEH, FRAEZ R LT HRZ -6,
A 2L BAVK S HIPASEE? ABDAAE [ 09 AR A AART B (3N A ), P A &A1 A4 848
PR — AN EE 32 R H 2 ey kA K ERIEM, EANERAERER? STAK! XAZN A
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(4

(5)

o BXAERGINFT, A THIEAIHE. (ATARTRFIEA 54492, EDNENE
=-3)

RERANHEEARM, CMNGITH XAE . X—ER|B| =P~ |A| - |PIREHFE. 177 X2
ABPASE 2 ] 9 AT R B o do FoAost A EARDL (BP ST 3d AL, ST HRATHAEAE D MR), AR AARAT
FNKXAET SRS H, AATAAFIEALE AR, XA E A5 A A E sh b de & A2 B 454 35 2 40
AA T e, BRI R T REARAFTEERLEMZIMR, BAMNAGERE Rt Tk, BRUERLE
HENBEGEARA AL TG, A REA %GR, XAFSHIERE L, ATAst A %Ee)dE
RAFHAZLIE G 09 A P A AE4E,

B, FLEMEAT AL, AT TAP A R Le) f AR

n
det(4) = 1_[ A
i=1

AAAASE [ B AR Gy I A i G &, X AR A|B —Al| = |P71AP — P71AIP| = |A — Al|.

3 MBI AR &

(1

(2)

(3)

(4

MEAx = Ax, TRABKMNKB T RO L LT AN THRAZE, A7 ERERT (FBRRH).
AR A K A P 2E 309 @) Zx VAR 28 B9 bl Ae 3R @) 153, FIE M 2x A 2T AN T HABIAR Y
FECHTRMREG R A b e E,

Fra AR AT B P a)—AN &, IR A £ RIEET AR A GRLHRAE ) 3 Ry —FPiz
B (EEREZAS), HIEARBTEHRE, MBFEEOENRBETEHG TG, KT HL
AT LR R EZ G F A, AXANEMEHE K, S TraEx, REFARA, TRIAxE R
WA BIAR KAFIEAE A 2 a9 4 i A £, SRR E, X ERBFEGEN —FERKE. KEIAILMH
B K, WRHad A a0EELE 2R T i et irmE (B A BN G £ 0ZF) 7 @ fe
R EARAE LN A e TR R,

AFAE 2 ) R R — NPT B 69— A (A HIEm AN L, Pk ey = |, 4485 1]
bR ARG R A A E AR AN AR T

AT L3 T AT VAR A — Al| = 0k KM A IE{E Ao dd fE 1) & 2

KAEES: RBHFIEEFFEGEN LT L, PAx = AxBRz, BF(A—ADx =0, T —NE&KE
TALE, EARERHEEQZRHABRZRAN, RAA - MEA—ANEE T BRI 269045 R T2
Mmer 0, BpATRIXA 0.

ST M A, A—F R ke 5. Mk T

. a b
XA = [c d
—%); ®I, |[Al=ad—bc=M42, 2p, IREAAFIEMARET L FEHS L Hm L3t =R #iT
AP 9L, mATH RN Rl T H-FH @ R EAR S T4 a9 . R E AKX, TURAEE

, D!'J%tr(A) = % Lo, KR ) A AR T i R AR AR 2 ) B AR B (LR B

’f"?jy’éllll,lz =mi mz_po

4 FEREAFAEAA AR

(1

HFIAD AL FHAST A, VA € RV AT AL (A=PDP™1) 4 HAHAARAN KR ML KX
BIEE T PP = (pg, o, pp) ANNFIEA B ARG EE, D = diag(Ly, ..., Ay) 2 W FAE(E 28 5%,
a2t A 1%
kB %Sk B Ap; = 4ipiliz,n T 3 AP = A(py, ., Pn) = (Apy, ., App) = (M1D1, oo, Anpp) =
(P1, o, P)D = PD, E{pq, .., D} EZBELKNPTE, A AHA=PDP 1,
XANEE R A AT AR
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(2)

(3)

(4
(5)
(6)

(7

B AR = PDRPT1 AW R B R BRIE T B ARA, x 2 BTG A B R KAFAEAE A 2 69 442
FR b, BAMEEERLER, KRG LR D, AEHEFHIUFTALZR Rt M
RAWIFIERF 2T K, RO SHREN"FAL &HE I T,
AT A BZMK SRS (A=AT) 7 BAMNARELEPATHIEA) BT L& F S RAGHR, &
&
STAREANA KA (LFEZR);
X AR I 8 &N A AE 22 18] 79 7 B 3
K AR A A A AEAR 69 AR R ROEIZ AR AR T 69 4 AR 2 18] op 2R T K Y AR A9 AN 3
SEARE ST AR R AL (ER 89S 5 L =-8),
ol R X R LURS
A A pj = (ipd) Tp; = (Ap)Tp; = (! AT)p; = pi' (ATp;) = p (hp)) = Api - B4y # 4y,
Tpp; =0 p; Lpjo (A # 4 AR AKAH B0 RABES ], TARM R A Fl— A2 5 )

FTiB Ex A2 : VAERY™, ATERMN AN Y B Y A A EXEPFxt A EDIEFA=

PDP™1 = PDPT, EZXAPFIT, PAP MERN EZIGET 2 692 77 w48 R 697245 K%, mDI 8y

N AU R, TR, RETHRAFEHZNBETRMNAZE RS, KMNEXOMHHE T, FHILET

st AT R T kA, A8 Y FlesE R KR, RA1E @LA %X — &,

St AR TR — 2 T

AT A E R A ALY BAL S AR AR,

AR A 3T AR 7T JE 303 ALK — R, T3 8]0 it 2 32 (B0 F Al uu £AS—A spectrum) :
A= Lugud + -+ Lupu)

JEBA % 3% A D =diag(Ay, ..., An), P = (U, ..,uy), MDPT = Au, ..., pul)" . PrVAPDPT =

(U, e, uy) A ], e, Lu) T = 30w diu] (BRATRERFI@EHRE).

EADBHEFRRET —H0ME Lo R BN BHBIEFHT], WERKLEG ARSI ERSE

MTIEEES. (AT 20% 497 27T e &3 T 90% 49 A =013 &)

PAT H AR R 69 F K

Step 1: #4E|A — Al| = 04X 2| P A 454248 ;

Step2: 3 FHAAMFIEAEL, RFAx = RB) L 28 (—ARZAD) FiEmE (HFAEA TR

ANFCF T R A9 4 AR ) P AFAE 6 a9 AN 5

Step 3: WA IEAELE BB TE S HEFI MDD . 3K, HEP| KA ) & 4 R PA=PT

5 VAER™" it b defT K&K FTAEHAx = b?

BAEB A [ay,...,an], WAXx =31 xa; & A{ay, .., a,} R & AL, Eb € range(A) U Ix 1£ 1%

Yrixia; =bo F{ay, .., an}ZAMAX, WbRHE—METTEk, TMWNAHLEA. Zh B ERGTEZER
e —ft (rank(A) =n) F=H L5 & (rank(4) = rank(4,b)) « BARTE L4 T

(1

(2)
(3)

EAREHFE, Mx = A The ARYE £ 35T E N T 4o, = L1

lal ®

EARF S % b € range(4), MAx = bhA L% .
EARFF b ¢ range(4), WAx = bRfE,

g, —ANEERF RGOS ARECEVH —ANFIEEAE,

TR, LEIENREHFEN? TRl T — /A LTS A
BB T EH L
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=y 3)). aw=aaf; 3)

LR AAF K8 £ 5 5 BRI B —AFATW AR R s @ ARG TR 5 k. VEBIngE&E RN, Bp
x; = det(X)
-

—;E':-CPX:,]';“' = 0, ...,1, ,0 , X:,i = [Xl, ...,xn]To
RFIMEA 1
HFREY =[x, .0, %], BEREIENTRA, xERTh, LEGFNETHRIEH?

Bk, FXADGKGHT|ANE, BEXEDdet )T RTdet(X), HFX . = Ajp, EARY

%Mlﬂéﬁﬁﬁi?’{flz,j}m y ®Xl; = [by, ., byl T, ﬁﬁ/‘gqu-‘?’ﬁdxi=% (XEAFX'R—EF) ,

6 hofTibit ALK A SALEAx = b?
RIE FABENF Ex E L EAH0MY), KB FRMELT I L&
(1) WwRART=ZA4%, NxdEsasHtHE. BAH

i—-1
b; — Xj=1aij%

X; =
a;;

RR KX, Xy oo, X BP T, EHAT @ F ke IANAEAEEKay; # 0|y, ZFHEH0M?).
(2) JRARE=FA4E%E, WA B®HEE
b; — Xj=it1QijX;
Qi
(3) T EIEEAR A L/ TZA%E%? B3 mE Tk
BRE—RMFLIR, MY TER-ANN LM FIEE, MFIEGERLTEY, RE B 094
FEBT R T, &G AF B SE T £ 69 F 02 3L
HEHTEATE o fe B AT BRI F 4T RSN
FH: (AID = (|A™Y), ZHRF T L KIEGEE,
(4)  BMNA LKA EBFTARAB LI F TN L= AIES, SAERENRE R T AKX
FiBmMEERFEAF+ UTERE — T FINTERKRBI AL TILEE R 0,
LARAEKXTURAHBRR T ZAESEf L= AEFQORR, FATRIL. X#HA LU 5. dit
BFLUx=b, EFPLAT=ZRA%ER, Uh =A%, WREE R &L EAE ki T4 5 x.
7 defTi@id ik K RKEAMEFTAELAx = b?

(1) MFRABARRERR T, RIF0ERABAER, BAx, = D22 gt o 1043 5

Xi

aiji
_wyi-1 . (k) _ yn )
Jacobi ¥ AX 75 ik x D bi j=1 %% Zj=it1 %
S Qi
R R AN | =1, o1, FTE
-1 (k+1) (k)
bi — ;-:1 aijxj — ?=i+1 ai]-xj

Gauss — Seidel i X 7 k- xi(k“) « —
(2) RREESMEE T X R KR T4
4D =diag(A), ERAM PR T =AM R, FRAGZHT LARS G, WA=D—E—F.
W) 3+ F Jacobi ¥ K77 kA
x+D) = p=1(E + F)x® + p~1p
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3t F Gauss-Seidel 1% K 7 ik #
x®*+) = (D — E)"1Fx® + (D — E)~'b
R ALEREMET SN HwD —E —F) = wx, MAmiFoinnikis KN K
x®+D = (D — wE) Y (wF + (1 — w)D)x® + (D — wE) wb

8 FEMRIEME:

(1

(2)

(3)

(4

(5)

iE R (orthogonalset): MAERMN@MENESL. WR -ANERXRERGEGZE, NEXANEE
BHERK GERESL V0 =cvy+ -+ cvpy ©0=0-v; = (cvy + -+ cpvp) - vy, BV v =
OlizejT4oc; = 00) HBIE T A A )% = RP A — 40 E Ak

t— 3, TN E{zERXE (orthonormal set).

SEE R Zy €RP, T K iy £ — B E XK {vy, .., v }JEAAE L ER(ZR)? Ky =30, qv;,
|

Y- U
c; =

v; - v;
EAGERT T AT ERXBHEE Ny E LA mmegitH.
ER 4% (orthogonal matrix): #MA A2 EX | @ EFiTmE 075 (H LG LA
LR HE A5 F X 4% (orthonormal matrix) 7). JERFEMFAE {5 E XA A ER T #HZ BN RKE
PLERE,MELER (RARZFH), EXIEEUBRAU I =UT, X2 —ANEFTRABGHER. BHER
%ia i BB RS IE G, T — AR A AR I R 0 B A AR o do R A Ao ESUAE IR AE X
7, MamBAERES, E£IRE QR HMAFIEAE 5 A X A T8,
EAERE: U= (U, ..,up), UT = ],..,u))T, R—TFEFiL,
FURI| @ EAEF A5 E RGeS FLAE 7, RAULRH 2 XLAESNE, BHARAUTU =1,
H4E% (Unitary Matrix) 2 ER5A 52 H L6y,
ERELIEREFHEFETI, XRRANUTU|=1. UxBxsstdk, UWUx=UTUx=Ix=x
X FExmFEERERT o
S fT A & — 28 {xy, .., X P A3E  — 2 E R {qy, ..., qn}?

q1 = X1
4y = x _xz‘th
g g q1 " q1 !

s = x _x3'6hq __x3'CI2q
3 ¥ q1 " q1 ! qz - q2 2
-1
4 = x _in'qiq'

" " i ;" q; '
i=1

%ﬁﬁ%%?ﬂhﬁwzﬁaii%%,i¢*4%éﬁ%i,%ﬁ%%%,%f¢ﬁ§ﬁ%%o
1°41

JG ey i AR R dett ., BRFRNqRGEAAGELK ESMBAEZ B4, T2 RKMiEdh—
Wz E (g, ..., qn}, REELEEANTRE @M L FAT R4

j—1
. v
V]E[l,---:n]: q}.:xj—E(xi-CIi)Qi» CIj=|| ]”
i=1 &

FmL i LX, ##x - qithr; (L<si<q<n), #Kqiehn;, MR=(nr;) A—AL=ZH

$EMF . H(qq, .., qn) TR Q, MX = QR. LA, EMNFEEFTEEXDERT —NEXFFr E=
ASEIEGRAL, XA QR M. RMTHMl Eik, INSMETAE R KM &ML G4
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9 ®EE—

(1

(2)

(3)

(4

(5)
(6)

QRx=b,%Rx=y—-> y=Qh
Rx =y - ik
KA
AT —AZfdy e GrAR), Sihdb = SO0, ARBEMRSTR, AR fxyhh b £ —iedt,
FAGR R, Bk, ARKEH (FE) 9HR, RXSZRIPPHB T . RS R0
K (FA) BARA ZRFRHBHK (FA),
AR VAB i M ARFE MR IR R TR (FTAR) o ldm

ax? + 2bxy + cy? o [x y] [a b” ] o xTAx

TR AREAE I ALA = PDPT, PARGAE T B3y ARMGRLE, 2K kA E

0 (F42) 9l R E. AREH X —ME NP, INRERS TR—ANFE a9 EEE

I A5 B A AR 6 P

FF =R f(x) =xTAx, EVx ERAx #0, f(x) >0, Mf(x)AEL KA, AR EZIEE,

RHA> 0. AETRLEERSEE, ARMHE, $AREE, EXELRTE, 22T —7 TH

A,

FIof — AN AR EAR G A HEF 0 E 77 2 AT A PATIES M ALA = PDPT, D ¥ H— A4

MEAEERKTE, WER, RAETHIREANFECHEME, AR4EE, F A THEME, B LT

BRI ? KRB HxT AxAex T Dx AR A —AE8, 6% RAMSGR T L bkt tyifin. Fx  Dx st

FETYM  dyx?, RH YA GdARE R TR T ARIEYE  dyx? e Kk TR, LAH, §
RAWAFIEEAR KT K.

EE ) RRE—E T, BRI T A R,

f(x) =xTAx (s.t.|lx|| = 1) AfTEIIFHAE?

BARITARER, f(x)8R KENAG R KFLEE, f(x) 895 MEA A R NAFIE{E,

AN T LB i A B B R 1F E,

JEB B3k BARSARIER, SARATERS AL, Nf(x) = (P x)TD(PTx), PT4H EF At

xFAERET R, RERTEZTEH, () =f(O) =y Dy, EFBEAERIARBRFEPT,

10 ® g+ Fa5 % (SVD):

(1
(2)

(3)

AR ST VABEAT B A Ao o T4 5K ANk £ 9 b R 38 F B4 BAETRA L2

VAER™", HAmxn=mxm) - (mxn)  (nxn), Nk KHIEEREAN, PrALRGE—
m X nBGSEIEY, —/Am X MBS, Ae—An x n@I4EMEVEIZA = USV T R AR LT, U.
SEV A E L H?

HEMKRAEHATAFAAT. BAHATA = (UZV)TUIVT) = VETDVT HATAR ERXIE, ATAVAR
ATAHF IR B H RO ERXE! STERATAW K IEA A RS AR, R, BAHAAT =
WUV NWUZIVT = UEEUT HAAT A E X, FTURAAT B IEA SRy X%, 2T 2
AAT W FF IR A R 3 A . A LR B ATH O BEIFEAMNURV I NELZHE T,

ARATR? B4 RTER —An X nty3t AERIZT 2 —Am x meat A, mmT AR F Fno
REg4tk, %k =minfmn}, HATAT =AA" T _F kNN AL FZLARBE, TH5EA
My Adgo B, LREAL =24 =20, RAXHERMNT TAMN KLY FRT, EAE%: K
AVx €R", xT(ATA)x = (Ax)"(Ax) = ||Ax|l, = 0, PTAATAR ¥ E X 4EF, R TIEAAT & F
JEEFEME, ARIEH 11 209 5 W9 55T fo F B 2 4B 569 P A AFAE4R L AR 3 0 JF R &K

Krank(4) =r, WEMNAro; = JAliey  AARFFE (BRAT < k) ALESMNKHIE 2 H,
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(4

(5)

(6)

Ko = [(VZ_Tz)rXT 0] _ [(\/ZET)N 0] _ [diag(al, ) Oy) 0]’ £H(VETD)  AFHITE
0 0 0 0 0 0 il

N FRRTART I RARG ATr X rég3f 5.
HE, AU =, .., uy), HA=UZVT I T4

1
Vi=1,..r u =—Avy;
i

AT FALA R4 3

Step 1: #Hrank(4) =r;

Step 2: MATAPATESZ I AATA=VET)VT, FEVAITE;

Step 3: *MAATHATESZ I AMAAT = UEET)UT, FEUAZET;

(VIT%) 0] 5 = [(\/ZZT) 0
0 0 0

Step 4: f-“?'z = rXr
0

o

SVD &9 )2 JH :
A LR e, VA ER™NE

T
A= 2 JiuiviT
i=1
—ERHr A, BB K DEFHEF] X BT BB AN AR EBVETE AT X rag 3y, X

REAAHRRETHEFAREAX G I @ BN, AT 2 EOANR 2o REMAKRE Zr i
SEARA S E (Plhea] 20% 890 &), LAEBFKIAKIEELS.

11 eI IE 6 At A7

(1
(2)

(3)

(4

(5)

TR (%) S AXTE LA,
do RSP, IRACAITAIRE . TSN =W AL X, LREAAMIEEZ B GIHUTREE,
do F Aot A AL (BPET 2 A AL, ST HATHFAEAA 0 E), AP A AT S T BT A 45148 89 F=:

tr(4) = i A
i=1

T XAk ) AT P T E S, R AMEERA R —ABG AR B R . 42244
LRS-
EME =g NAR, 3FTVA B € R™N & L 4EM%E49 AR T :

(A,B) = Z a;jb;j

iJ
I iFE e TN X Z: VA, B € R™X1
(A,B) =tr(AB™) = tr(BTA)
FEA Ay, o A B ERART, W
tr(A Ay . Ay) = tr(AyAs . ApAy) = = tr(Ap Ay oo Apy_q)

12 7. RAAANTHEGEXY BREIESFEMELE L, s T4EA e RN, 37 i 2 384845

AGA = A

MEBIG € R™M™,

— ks, JXERTRE—, —FiH L L@ X e94d5k ) Li# £ Moore-Penrose #, it hAY, #H2E:
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[1] AA*A=A
[2] A*AAt = A*
[3] AAT A=At A R S ARSE %
st FAEEHEIEA € RN, AY B R B HE—,

—MmE, AR R KR, F R 6 T kAR B — AR SR e i A A TR 4 A B FE T R PR R AE
BT XA, 4o R—ANEIEE 72 LIt BB S KRG, AR A BAVT AE 3 1% 48 R — S 5 3 15 21
BAVEZRKE A, FARE “CREFQE IIEFG LN X R AR T H B EFGE, e,
Sherman-Morrison-Woodbury 2 X#t 2t T /248 5 89 1% fo 3L Fkk 237 )6 69 4E 692 Z A 69 X R

® e
AIX#AEETHREFHELE (https://www.matongxue.com/columns/) . Jeff Erickson #9##t
{Algorithms) (http://jeffe.cs.illinois.edu/teaching/algorithms/) . 3BluelBrown #9
MIM#AZ (https://www.3bluelbrown.com/) . X|EFFAMFEL (L. 2B, FE5218)
(https://bicmr.pku.edu.cn/~wenzw/optbook.html) AR ZJU-CS FikayiRA42 (1A A4
F) o
RIS REFFE . RIMRAT VAL http://hliangzhao.me/math/math.pdf F#. 42 % X
T HRIFE A hliangzhaolzju.edu. cne
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